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Foreword

The papers in this collection were presented at the Eighteenth
European Workshop on Computational Geometry, held in War-
saw, Poland, April 10-12, 2002. The workshop was organized at
the Faculty of the Mathematics, Informatics and Mechanics of the
Warsaw University in cooperation with the Interdisciplinary Cen-
tre for Mathematical and Computational Modelling, the Stefan
Banach Centre of Excellence and the Foundation for Information
Technology Development. The assistance of the Department of
Computer Science of the University of Kentucky is also acknow-
ledged.

The goal of this annual workshop is to bring together the re-
searchers and students from academia and industry interested in
Computational Geometry and related fields and to promote - in a
relaxed and informal atmosphere - discussion and diffusion of the
most recent work, leading to the establishment of new collabora-
tions and research projects.

Following the tradition of the workshop, many of the included
papers represent reports of continuing research, and it is expected
that most of them will appear in their complete and final versions in
scientific journals. Selected papers from the workshop will appear
in a special issue of the “Computational Geometry: Theory and
Applications”. We thank everyone who responded to the Call for
Papers and wish to thank Drs. Herbert Edelsbrunner, Zbigniew
Marciniak, and Gert Vegter for giving invited plenary lectures.

The organizers are very grateful to the sponsoring institutions
and the numerous individuals who helped in organizing and run-
ning the workshop. The experience and advice of the chairs of the
previous meetings of the European Workshop on Computational
Geometry, Dr. Helmut Alt (17th EWCG, Berlin, Germany), Dr.
Matt Katz and Dr. Klara Kedem (16th EWCG, Eilat, Israel), were
extremely useful to our work. -

Jerzy W. Jaromczyk
Mirostaw Kowaluk

April 2002, Warszawa
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Bio-Geometric Modeling

Herbert Edelsbrunner
Computer Science and Mathematics,
Duke University and Raindrop Geomagic,
Research Triangle Park, North Carolina, USA
edels@cs.duke.edu

Molecules have forever been modeled geometrically, either as stick-
diagrams, emphasizing the covalent bonds between atoms, or as space-
filling diagrams, representing the space they occupy. This talk aims
at further developing the geometric view of the molecular world. It
introduces the filtration of alpha complexes, which are combinatorial
objects dual to the space filling diagrams obtained by continuously
growing the atom balls. These combinatorial objects lead to fast and
robust algorithms for visualization and analysis.

We demonstrate that each space filling diagram is connected the
same way as its dual complex, meaniitg the two are homotopy equiv-
alent. We can therefore express the connectivity of the space filling
diagram by the homology groups of the dual complex. We also intro-
duce persistent homology groups to capture the scale-dependence of a
topological feature. '

We show that the dual complex of a space filling diagram can be
used to compute the volume and surface area without constructing the
diagram. Similarly, it can be used to compute the weighted area deriva-
tive of the surface, which is believed to have a significant contribution
to the force that drives the folding process simulated by molecular dy-
namics.



Units in Group Rings of Crystallographic Groups

Zbigniew Marciniak
Institute of Mathematics,
Warsaw University, Poland
zbimar@mimuw.edu.pl

A group ring RG is made up of two ingredients: a group G and
a commutative ring R. It consists of finite formal sums Y 7,9 with
T € R and g € G. We add such sums in an obvious way; to multiply,
we just open the brackets and multiply the monomials T¢g and sph by
the rule (r4s,)(gh).

Group rings play a very important role in representation theory
of groups, algebraic number theory and topology. One of the impor-
tant aspects of studying group rings is the description of its invertible
elements (units), i.e., elements a,b € RG such that ab = ba = 1.

In particular, algebraists try to describe the units of ZG for crys-
tallographic groups G. These groups are classical objects, since long
very important in mathematics, physics and, of course, in crystallogra-
phy. They are defined as discrete, cocompact subgroups of the group
of isometries of the Euclidean space.

In the talk we shall outline a method of study of units in ZG,
using a computational approach. In particular, we shall present some
achievements from the past as well as a couple of open problems in this
area which could be attacked by constructing smart algorithms.

111
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Evolution of apparent contours

Gert Vegter
Department of Mathematics and Computing Science,
University of Groningen, The Netherlands
gert@cs.rug.nl

The contour generator of a smooth surface, under parallel or per-
spective projection, locally separates backward and forward facing re-

"gions on the surface. It consists of those points on the surface where

the normal is perpendicular to the direction of projection. The appar-
ent contour is the projection of the contour generator onto the image
plane. See Figure 1. The contour generator and the apparent con-

Figure 1: The contour generator and the apparent contour. The red seg-
ments correspond to tangent lines of the surface, parallel to the direction of
projection. The locus of the points of tangency is the contour generator, its
projection onto the view plane is the apparent contour.



tour play are important visibility features of a smooth surface, e.g., in
connection with visualization. Koenderink [Koe90] describes in a very
intuitive style the geometric features of curves and surfaces relevant for
geometric computing. The silhouette of a surface is the curve in the
view plane that separates the projected surface from the background. It
is a subset of the apparent contour, that plays a prominent role in non-
photorealistic rendering, cf. [BH98| and silhouette clipping [SGGT00].
In computer vision [CGO00] techniques have been developed for partial
reconstruction of the geometry of a surface from a sequence of apparent
contours corresponding to a discrete set of projection directions.
Generically, the apparent contour is a smooth curve consisting of
several components, and the contour generator consists of regular points
and isolated cusp points, like the sharp beak-shaped points in the right-
most column of Figure 2. Moreover, the apparent contour may have
self-intersections, which correspond to distinct points on the contour
generator being projected to the same point on the apparent contour.

. Figure 2: A beak-to-beak bifurcation. Top row: a sequence of views of a
smooth surface. Middle row: the corresponding apparent contours. Bottom
row: blow up of the apparent contour near the bifurcation event.

VI
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The connected components of the contour generator may merge
or split when the projection direction changes, or when we rotate or
deform the surface. Such visual events, or singularities, correspond to
non-generic views of the surface, but are unavoidable if the position
or shape of the surface changes continuously. Other types of visual
events are related to the birth or death of components of the apparent
contour.

Algorithms computing the apparent contour are reported to crash
if the the evolution of the surface gives rise to the occurrence of these
visual events. Therefore, a better understanding of these events is a
first step towards a more robust computation of apparent contours.
The classification of the various types of visual events, as well as the
derivation of simple local models of the surface exhibiting these events,
has been achieved using sophisticated methods from singularity theory
and differential geometry. In particular, these mathematical methods
do not transfer directly to robust numerical computation. An acces-
sible description of the singularity theory behind this classification is
contained in [Bru84].

In this talk we review an algorithm for the computation of the ap-
parent contour of implicit surfaces, and describe its generic evolution as
the direction of projection changes over time. In particular, we obtain
approximate local models describing the generic visual events of evolv-
ing surfaces. Furthermore, we discuss how to detect the occurrence of
these events for evolving implicit surfaces. Details are described in a
forthcoming technical report [SVO02].

References
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Three Dimensional Euclidean Voronoi Diagrams of Lines
with a Fixed Number of Orientations’

Vladlen Koltun
School of Computer Science,
Tel Aviv University,

Tel Aviv 69978, Israel

vladlen@tau.ac.il

ABSTRACT

‘We show that the combinatorial complexity of the Euclidean
Voronoi diagram of n lines in R® that have at most ¢ dis-
tinct orientations, is O(c*n?*¢), for any & > 0. This re-
sult is a step towards proving the long-standing conjecture
that the Euclidean Voronoi diagram of lines in three di-
mensions has near-quadratic complexity. It provides the
first natural instance in which this conjecture is shown to
hold. In a broader context, our result adds a natural in-
-stance to the (rather small) pool of instances of general
3-dimensional Voronoi diagrams for which near-quadratic
complexity bounds are known.

1. INTRODUCTION

The study of Voronoi diagrams in the plane has been very
extensive over the past 20 years, and the structure of such
diagrams is by now thoroughly understood. The study has
covered diagrams for many kinds of sites, and for many kinds
of metrics or distance functions, and has also considered
other variants of the problem, such as k-th order diagrams,
constrained Delaunay triangulations, and more. Surveys of
the state of the art are given in [3, 6].

In contrast, Voronoi diagrams in three and higher dimen-
sions have been much less studied, and many basic problems
are still wide open. Most variants of planar Voronoi dia-
grams have linear complexity, which is usually a consequence
of the planarity of the diagram. In three dimensions, a pre-

*Work on this paper has been supported by a grant from the
Israel Science Fund (for a Center of Excellence in Geometric
Computing). Work by Micha Sharir was also supported by
NSF Grants CCR-97-32101 and CCR-00-98246, by a grant
from the U.S.-Israel Binational Science Foundation, and by
the Hermann Minkowski-MINERVA Center for Geometry
at Tel Aviv University.

The Eighteenth European Workshop
on Computatfional Geometry
(EWCG 2002)

April 10-12, 2002, Warsaw, Poland

Micha Sharir
School of Computer Science,
Tel Aviv University,
Tel Aviv 69978, Israel;
Courant Institute of Mathematical Sciences,
New York University,
New York, NY 10012, USA.

sharir@cs.tau.ac.il

vailing conjecture is that the complexity of Voronoi diagrams
should be in general at most quadratic or near-quadratic in
the number of sites. This is known to hold only for very few
special cases, including the cases of point sites under the
Euclidean metric [3], of point sites under any ‘polyhedral’
metric or distance function (i.e., distance functions induced
by a convex polytope with O(1) facets; see [4, 7, 12] for de-
tails), and of line sites under similar distance functions [4].
Only very recently, Koltun and Sharir [9] have shown this
to hold also for arbitrary polyhedral sites and polyhedral
distance functions.

In all the other, ‘open’ cases, cubic or near-cubic upper
bounds for the complexity of 3-dimensional Voronoi dia-
grams are known. They are a consequence of the repre-
sentation of such diagrams as lower envelopes of trivariate
functions, each measuring the distance from a point in R to
one of the sites; see [5] for this representation, and [11] for
the bounds just stated. In contrast, only quadratic or near-
quadratic lower bounds for the complexity of 3-dimensional
diagrams are known [2, 4].

The case of the Euclidean metric appears to be harder
than the case of polyhedral metrics (or distance functions),
because the surfaces that arise in this case are curved (ex-
cept for the special case of point sites), and the constraints
that define the diagram are harder to analyze. The simplest
open case of 3-dimensional Euclidean diagrams is that where
the sites are lines. This specific problem is listed as Problem
3 in the list of open problems in computational geometry,
recently published by Mitchell and O’Rourke [10]. A recent
result that substantiates the conjecture that the complexity
of such diagrams is near-quadratic, is due to Agarwal and
Sharir [1], who showed that the complexity of the union of
n infinite congruent cylinders in 3-space is near-quadratic.
The boundary of this union can be interpreted as a cross-
section of the Euclidean Voronoi diagram of the axes of the
cylinders, being the locus of all those points whose distance
to the nearest axis has a fixed value (equal to the common
radius). The complicated proof in [1] suggests that the prob-
lem involving the whole diagram is indeed likely to be much
harder to tackle. '

In this paper we obtain the first result towards this goal.
We study the special case where the sites are lines that have
only a constant number ¢ of distinct orientations (and the
metric is Euclidean). Even this special case is quite nontriv-



ial to analyze. We show that the complexity of the diagram
is O(c*n?*®), for any £ > 0, where the constant of propor-
tionality depends on &.

We first study, in Section 2, the simpler case where the
lines have at most three distinct orientations. In this special
case, we obtain the slightly improved bound O(nXs(n)) =
O(n? -a(n)o(“("))), where As(n) is the maximum length of
Davenport-Schinzel sequences of order 5 on n symbols, and
where a(n) is the extremely slowly growing inverse Acker-
mann function. The case of four orientations is treated in
Section 3, and Section 4 is devoted to the general case of an
arbitrary (but constant) number of orientations.

Due to lack of space, we omit the more involved parts
of our analysis from this extended abstract. A more com-
plete version of this paper can be downloaded from the first
author’s home page [8].

2. TWO OR THREE ORIENTATIONS

Let L be a set of n lines in 3-space, which have up to three
distinct orientations. Thus L can be written as RUB UG,
where all the lines in R (called ‘red’ lines) have the same
orientation, and the same holds for the lines of B (‘blue’
lines) and those of G (‘green’ lines). 5

We begin by bounding the number of vertices of the Voronoi
diagram Vor(L) of L. Let v be a vertex of the diagram, in-
cident to the cells of four lines £1, 42,83, ¢s. At least two of
them must be of the same color. Suppose first that three of
them are of the_same color, say, £1,¢2,¢3 € R. Project the
lines of R, and v, onto a plane 7 orthogonal to the lines of R.
Then each line of R projects to a point, and v projects onto
a vertex v* of the planar Voronoi diagram of the projected
points within 7. The number of such vertex projections v*
is thus at most 2n — 4. The number of vertices v that can
project onto the same point v” is at most 2n. This is because
the radius of the ball centered at v and touching &1, £2, €3 is
equal to the radius of the disk (within ) centered at v* and
touching the point projections of these three lines. As we
slide this ball parallel to the lines of R, we reach at most
2n placements where it touches another line, giving rise to
the Voronoi vertices of the kind under consideration. The
overall number of such vertices is thus O(n?).

Suppose then that exactly two of the four lines are of the
same color, say £1,%2 € R, and £3,£4 € BUG. If we project
the lines of R, and v, onto the same plane 7 as above, we
obtain that the projection of v lies on a Voronoi edge of the
planar diagram of the point projections of the red lines. The
number of such edges is O(n).

Fix such an edge e, and consider the 2-dimensional slab
S, defined as the union of all lines incident to e and per-
pendicular to m; by construction, v € Se. Moreover, 3¢ is
the locus of all centers of balls that touch ¢; and ¢z, and
no other red line. Let H. denote the plane containing Ya,
and let £, be the line of intersection between H. and the
plane 7o spanned by £ and {>—it is the midline of the 2-
dimensional slab spanned by £; and £2. Denote the two
halfspaces bounded by mo as 7y , 7, - See Figure 1.

Fix a point p € £, and consider the line Ap that passes
through p, lies in H,, and is orthogonal to £o. Parametrize
Ay by a real parameter y, where y = 0 at p, y > 0 within
my, and y < 0 within my'. Move a point g along the entire
Ap, in the direction of increasing y. The ball centered at
q and touching 41, ¢> has the property that its intersection
with 7} keeps expanding during the motion (i.e., any point

4

Figure 1: The bisector of ¢; and f».

of f that the moving ball meets will remain inside the ball
as its center keeps moving in the above direction). Similarly,
the portion of the moving ball within 7 keeps shrinking.

Replace each line £ € BU G by the two rays et =inay,
¢~ = Ny . With each ray £* (resp., £7), associate a func-
tion 1+ (resp., ¥, ) on £o, where ¥+ (p) (resp., - (p)), for
p € £o, is the y-value of the center of the ball that touches
£1, 05, and £+ (resp., £7), such that the center lies on Ap.
The functions 1,+, 1, are defined (and continuous) when
¢ does not intersect the disk centered at p, lying in mo, and
touching ¢ and £». Hence, the (common) domain of defini-
tion of 1+ and 1,— is either the full line £o, if £ does not
intersect the 2-dimensional slab spanned by ¢1 and {3, or
the union of two rays along £o, otherwise.

The preceding observations imply that any Voronoi ver-
tex v € T, (whose two other defining lines are in B U G)
corresponds either to a vertex of the lower envelope of the
functions ¥+, for £ € BU G, or to a vertex of the upper
envelope of the functions %,-, for £ € BU G, or to an inter-
section point between the two envelopes.

It is easily seen that any pair of functions of the above
kind intersect in at most four points. Indeed, any such in-
tersection point w is equidistant from £1,£2, and from two
other lines 3,4 € B U G. That is, we have

d(w, b)) = (dz(w,&) =) d*(w, £s) = d*(w, La).

The squared distance of a point w from a line that passes
through a point a and has unit direction u, is

llw = al* = (w = a) - w)?,

which is a quadratic polynomial in the coordinates of w.
Since w lies on the plane H,, we obtain a system of two
quadratic equations in two variables, which has at most four
solutions.?

We split each partially defined function into two functions,
each defined over a ray. As shown, e.g., in [11, Lemma 1.8],

1Here and in what follows, we assume that, for each fixed
orientation, the lines of L with that orientation are in general
position, in the sense that their intersections with any fixed
generic plane are points in general position.
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the complexity of the upper or lower envelope of continuous
functions, so that each function is defined on a ray or on the
whole real line, and so that each pair of them intersect in
at most four points, is O(As(n)) = O(n - a(n)°@™)) [11],
where As(n) is the maximum length of Davenport-Schinzel
sequences of order 5 on m symbols, and where a(n) is the
extremely slowly growing inverse Ackermann function. It
is easily checked that the number of intersection points be-
tween the two envelopes is proportional to the sum of the
complexities of the two envelopes. We thus conclude that
the number of Voronoi vertices in (the relative interior of)
3. is O(As(n)). Multiplying this bound by the number O(n)
of edges e, and adding the preceding bound O(n®) on the
number of vertices defined by three lines of the same color,
we thus conclude that the number of vertices of Vor(L) is
O(nAs(n)).

A different argument, omitted here due to lack of space,
shows that the number of edges of the diagram (including
unbounded Voronoi edges that are not incident to a Voronoi
vertex) is also O(nAs(n)). Hence, we obtain the main result
of this section:

THEOREM 2.1. The complezity of the Voronoi diagram of
a set of n lines with at most three distinct orientations is
O(nAs(n)) = O(n? - a(n)P©@®)),

3. FOUR ORIENTATIONS

THEOREM 3.1. The-complezity of the Voronoi diagram of
a set of n lines with at most four distinct orientations is
O(n?**), for any € > 0, where the constant of proportional-
ity depends on €.

The somewhat complicated proof of the above theorem,
which is the heart of our analysis, is omitted due to space
limitations. It relies critically on Theorem 2.1, and utilizes
the technique of counting schemes [11]. Informally, we at-
tempt to charge each Voromoi vertex to about k* Voronoi
vertices at level at most k (using a suitably chosen constant
k, under an appropriate definition of ‘level’, see [11]). The
number of Voronoi vertices that can be charged in this fash-
ion can be expressed by a recurrence relation that solves to
O(n?®*¢). Not all Voronoi vertices fall into this category;
however, we were able to show that those vertices that can-
not be charged as above, can be alternatively charged to
vertices that are defined by quadruples of lines that have
only three distinct orientations.” Theorem 2.1 implies that
the number of such vertices is O(nAs(n)).

4. MORE THAN FOUR ORIENTATIONS

The case of an arbitrary (but constant) number of orien-
tations is easy to handle using Theorem 3.1, by noting that
any vertex v of the full Voronoi diagram Vor(L) is also a
vertex of the diagram of the set of all lines whose orien-
tations are equal to the (at most) four orientations of the
lines whose cells are incident to v. Hence, by applying The-
orem 3.1 to each of the O(c*) quadruples of orientations, we
obtain the main result of the paper:

THEOREM 4.1. The combinatorial complezity of the Voronoi

diagram of n lines in three dimensions, where the lines have
only ¢ distinct orientations, is O(c*n*¢), for any ¢ > 0,
where the constant of proportionality depends on €.

i
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1. INTRODUCTION

The ordinary Voronoi diagram has been extended or gen-
eralised in several directions, and these generalised Voronoi
diagrams have found many practical applications (see [2] for
a general survey on Voronoi diagrams). Abstract Voronoi
diagrams [4] include a large number of concrete Voronoi di-
agrams, e.g., Voronoi diagrams for point sites under any L,
-metric, 1 < p < oo, or under any convex distance function,
whose unit circle is algebraic. Furthermore, they comprise
weighted Voronoi diagrams and Voronoi diagrams for line
segments or circles under the Euclidean metric.

The weighted Voronoi diagrams (additively, multiplicatively,
compound, etc.) differ from the ordinary Voronoi diagram in
that the generators do not all have the same weight and the
distance depends on these weights. The Additively Weighted
Voronoi diagram is defined using the additively weighted
distance: daw (p,pi) = ||z — zi|]| — wi , where z is the po-
sition vector of p, z; is the position vector of the point p;,
and w; is the weight of the point p;.

The algorithm proposed by Aurenhammer [1] is based on the
relation between the Additively Weighted Voronoi diagram
in dimension d and the Power Voronoi diagram in dimension
d+ 1.

In this work, we have developed an exact algebraic predicate
and an optimal algorithm for constructing the Additively
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Weighted Voronoi diagram from the Power Voronoi diagram.

In the next section we review the relation between the Ad-
ditively Weighted Voronoi diagram and the Power Voronoi
diagram. In Section 3, we introduce the algorithm based on
this relation. In Section 4, we explore the algebraic predi-
cate that is the core of the algorithm presented in Section
3.

2. PRELIMINARIES

We place ourselves in the Euclidean plane E®. The algo-
rithm uses the mapping ¢ of the weight circle (centred on
(zi,y:) and radius w;) corresponding to a weighted point P;
with coordinates (zi,y;) and weight w; to the sphere ),
of centre M; with coordinates (z;,y:,w:) and radius r; =
V2w;.

Figure 1: The cone inscribing the sphere image of
the weighted point

The I vertex angle cone C; that inscribes the weighted
sphere 3", has its apex at (zi,3:i,—w;) (see Fig. 1). The
vertical projection w(M) of a point M of E? on the cone C;
is the image by the map ¢ of the circle centered at M and
tangent to the weight circle associated with P;. The signed
distance from M to w (M) equals the additive distance from
M to the weighted point P; . Thus, the additively Voronoi
diagram of the set {(Pi,w:)} is the projection onto E* of




the lower envelope of the set of cones {C;}. Then, it is easy
to show that the contribution of each cone C; to this lower
envelope is just the intersection of the cone C; with the re-
gion of the sphere X; in the Power Voronoi diagram of the
set {Zi}.

3. THE ALGORITHM

The algorithm consists of three steps: first compute all the
spheres Y _;, then compute the Power Voronoi diagram of
these spheres )., and finally for each 4, compute the inter-
section with the cone C; of the cell of the Power Voronoi
diagram that corresponds to ), .

To compute, the intersection of the power cell of {Z;} with
the cones C;, we propose to consider in turn each edge of this
cell. Each edge of the Power Voronoi diagram is determined
by five spheres. The algorithm is based on a predicate that
determines if such an edge intersect the cone C; and the
number (at most two) of intersection points if any.

The worst case running time of the algorithm is the same as
the one of the Power Voronoi diagram, i.e., O (n?) (see [3]
for a description of the algorithm for constructing the Power
Voronoi diagram and its optimality). However, as we will
see it in the next section, this algorithm requires algebraic
predicates of degree 16 only.

4. THE ALGEBRAICPREDICATE FOR THE
CONSTRUCTION OF THE ADDITIVELY
WEIGHTED VORONOI DIAGRAM

This predicate is based on the intersection of the cone in-
scribing a weighted sphere resulting from the mapping of a
weighted point to the 3D space with an edge of its Power
Voronoi cell. Each edge of the Power Voronoi cell connects
two Power Voronoi vertices and involves five spheres. Each
vertex is the centre of the circle orthogonal to four spheres.
The centres of these spheres form a tetrahedron.

4.1 The Power Voronoi vertices

An edge between the vertices corresponding to two adja-
cent tetrahedra is determined by two adjacent vertices of the
Power Voronoi cell. For the computations of the first vertex
the first four weighted points are needed. In 3D space they
form a tetrahedron.

Let S1 ((z1,y1,w1), vV2w1), Sz (22,92, w2) , V2w2),
Ss ((z‘a,ys,wg) ,\/iwa), and Si ((:E4,y4,w4) , \/iw4) be the
four spheres defining the tetrahedron.

The intersection of these linearly independent radical planes
gives the first Power Voronoi vertex:

—2(z1 —z2) —2(y1 —y2) —2(wi—w2) T
—2(:61 — :(,'3) —2(y1 = y3) —2(1U1 = w-’i) Yy |=
—2(:E1 — T4) —2(y1 — Ya) —2("1)1 — ws) z

2 2, .2 2 2 2
97%—171 +y2 —y1 +wi — w3

2 2 2 2 2
T3 —Ti+Y3 — Yy +wi —ws

2 2, % 2 2 2
Ty —Ti+yYs— Y1 +wi —wy

The coordinates of the first Power Voronoi vertex are:

~

r =
Ty —oi+ys —yr +wi—ws -2y —y2) —2(wi — ws)
T3 —Ti+ys —yr +wi —wi =20y —ys) —2(w1 — ws)
zi—zi+ys —yi twi —wi —2(y1 —ya) —2(w1 —wa)
y’ — ¢
-2(z1 —z2) T3—Ti+ys—yi+wi—wi —2(wi —ws)
—2(z1 —23) z3—Ti+y3 — i +wi—wi —2(wi —ws)
~2(zy —z4) T2z 4yl-9yi+ w?—wi —2w; —wa)
d
! —
-2z —12) -2y —y2) T3—Ti+ys— i +wi—ws
—2(z1 —x3) -2 —ys) z3—Ti+y3 —ui+wi—wi
—2(z1 —z4) 20y —ya) iz +yi— i +wi—wi
d
=2(z1 —z2) —2(y1—y2) —2(w1—w2)
where d = | —2(z1 —z3) —2(n1 —'yg) —2(wy — ws) |.
—2(z1 —z4) —2(y1 —ya) —2(wi — wa)

The second vertex can be computed in a similar way. For the
computation of the second vertex, the three first weighted
points and the fifth weighted point are needed. The coordi-
nates of the second Power Voronoi vertex are:

"

r =
-z +ys —yi +wi —wi -2y —y2) —2(w1—ws)
o3 —oi+yi —yi +wi —wi -2y —ys) —2(wi1 —ws)
o —oi+yi —yi +wi —wi -2y —ys) —2(wi — ws)
D
" —
—2(z1—T2) T3 —Ti 4y —yi+wi—wi —2(wi1 —ws)
—2(z1 —®3) T3—Ti+13 —yr +wi —wi —2(w1 —ws)
—2(z1 —x5) TE—xi+ys —yi+wi —wi —2(wi—ws)
D
ZII —
—2(z1 —22) —2(y1 —y2) =5 -2 +95 — i +wi —wh
—2(z1 —23) —2(y1 —ys) T3 —Ti+Y5 -yt +wi—wi
—2(z1 —x5) —2(p —ys) i —zf+yi— i +wi—wi
— D
—2(z1 —z2) —2(y1—y2) —2(w1—wa)
where D = | —2(z1 —73) —2(y1 —y3) —2(wi — ws)

=2(z1 —z5) —2(y1 —ys) —2(w1—ws)

4.2 The algebraic predicate

It is possible to simplify the expressions of the coordinates
of the Power Voronoi vertices by using the following subma-
trices:

_ (2@ —y2) — 2 (w1 —wa)
. = (—2 o —95) —2 oz —wz))

My = —2(z1 — z2) — 2 (w1 — wa)

27\ —2(z1 — z3) — 2 (w1 — w3)
—2(z1 —z2) — 2 (y1 — y2)

M3 =

¢ ("2(11*353)—2(1/1—1/3)

M = x§~wf+y§—yf—w§+wf~2(w1—w))
o3 — 23 + 3 —yi — wi + wi — 2 (w1 —ws)



M = (z%——xz+y§—yz—w§+w2—2(y1—yz))

T3 —T1 +y2 -yl —wi+wi—2(y1—v3)
Me = (—2(-’51—mz)yg—yf+a:§-—z%—w§+w%>
6—

—2(1:1—xa)y%—y%+x§—x%—w§+w%

and their determinants: dey = det (M1), de2 = det (M2),
des = det (M3), des = det (My), des = det (Ms), and des =
det (Ms).

2des(y1 —ya)—2des (w1 —wa)tder ks
d )

We get: ¢’ =

= 2des (1 —y5)—2des (w1 —ws)+derks
= 2 .

1 _ —2deq(z1 —z4)—2des (w1 —wy)—degks
a )

n __ —2des (z1—25)—2des (w1 —ws)—deaks
D b

s = 2des (21 —24)+2des(y1 —ya)+desks
= < ,

1 _ 2des(z1—5)+2des(y1—ys)tdesks
z = D )

2

wherek4=mi—m§+y§—yf+w1——wﬁ,
2

and ks = o3 — 27 + 8 — v} +wi —wi.

The coordinates of a point on the straight line defined by
the two vertices ((z', v/, 2"), (&",¥", 2"")) and supporting the
corresponding edge of the Power Voronoi diagram are:

@ + A" =), ¥ +AE —¢), Z +AE = 2)

The equation in (z, ¥, 2) of the algebraic cone corresponding
to the weighted point (a,b,c) (where (a,b,c) is one of the
first three sphere centres) is:

(.ac—a)2+(y—-b)2 —(z+0¢)?=0.

Thus, the intersection of the straight line defined by the two
Power Voronoi vertices and the cone is given by the following
quadratic equation in A

@ + A" —2)—a) +(y + A" —¥) =) -
(Z+A(E"-2)+ e)?=0.

This equation can be written in the following form:

AN +2BA+C=0 (1)

where A= (z' —2')? + (" - y)? = (2" —2')%,

B=(z —a) (@ —z)+@ -0 - y)—( +0) (2" = 2),
C=@ -a) +@ -0’ =+,

and A =4B% —4AC = 4(132 —AC).

Let Ay =2’ — 2", 0 =2 —a, By =y —y", 6 =y =D,
A, =2 — 2", and §; = 2 +c. Then, A= A2 4+ A2 - AL
B = —650p — 8,0y +68:0;,a0d C = 624402 —063. Then, by
developing and simplifying, we can rewrite the discriminant
of the quadratic equation as follows: B2 - AC = —(Az0y —
Ayda)? + (Ayb: — D:6y)" + (Beds = Ag82)%

In the first term (Agdy — Ayds)? = ((' — )y —b) —
(y =y — a))?, the terms in z'y’ vanish, and we get
(Dgby — Dyba)? = (—zy' —y'z’ — bz’ —bz” — ay' —ay”)>.
The first term admits d2D? as common denominator, with

a numerator of degree 16. Indeed, the degree of the numer-
ator of the first term equals the degree of the product of the
square of the numerator of ¢’ by the square of the numer-
ator of g, which is the same as the degree of the product
of the square of the numerator of z" by the square of the
numerator of y'. Similarly, we can prove that the second
and third terms admit dD? as common denominator, with
numerators of degree 16.

The degree of the numerator of A is 16. Since the common
denominator is a perfect square ((dD)?), the sign of A is
the sign of its numerator. Thus, its evaluation requires the
evaluation of a polynomial of degree 16 in the input (the
coordinates of the sphere centres and the sphere radii).

The predicate involves determining if the Power Voronoi di-
agram edge intersects with the cone. This can be done by
checking if the straight line supporting the edge intersects
with the cone (i.e. evaluating if A is positive or zero), and
if it does, checking if there is an intersection that belongs to
the edge between the Power Voronoi vertices.

In order to determine the intersections that lie in between
the two Power Voronoi vertices, we need to locate the roots
of the equation (1) with respect to the [0,1] interval. If
A = 0 or the sign of A is 0, then there is only one root. In the
first case, determining its position with respect to 0 amounts
to computing its sign (i.e. the sign of 55), i.e. checking if
C and B have the same signs. Determining its position with
respect to 1 amounts to check if —‘2%' < 1. Depending on the
sign of B, this unequation can be rewritten as —-C-2B >
0 or —C — 2B < 0. In the second case, determining the
position of the root with respect to 0 amounts to compute
the sign of the common root, which is also the sign of the
sum of the roots (=£), i.e. checking if B and A have the
same signs. Determining the position with respect to 1 can
also be done by evaluating the signs of B and A.

In the general case of two distinct roots, the determination of
presence of roots in between the Power Voronoi vertices can
be done by considering first the signs of Aand A+2B+C.

--The left hand side of equation 1 has the same sign as A out-

side the roots of that equation, C equals the left hand side
of 1 when A = 0, and A+ 2B+ C equals the left hand side of
1 when A = 1. When C and A+2B+C have different signs,
then there is only one root in the [0, 1] interval. If their
signs are identical, either both roots are inside the interval,
or both roots are outside. The determination of the position
of the roots with respect to the [0, 1] interval can proceed
by using methods similar to the ones shown above for the
case of one root only. Using the same reasoning as for the
discriminant, we can conclude that determining the sign of
A involves determining the sign of a polynomial of degree
16; determining the sign of B involves determining the sign
of a polynomial of degree 16, and determining the sign of
C involves determining the sign of a polynomial of degree
8. The denominators of A, B, and C are respectively d&’D?,
d?D?, and d*. Thus determining the sign of A+ 2B+ C or
—C —2B or —B — A involves determining the sign of a poly-
nomial of degree 16. Thus, the predicate simply amounts to
the evaluation of the sign of polynomials of degree bounded
by 16 (namely 4, B,C, A+ 9B+C,—C—2B,—B—A). This
evaluation can be done exactly provided the input coordi-
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nates are coded using integer types.

Finally, the cone that is to be tested for the intersection
with the edge of the Power Voronoi cell is the upper cone
of axis parallel to O., with the apex at (a,b,c) and a ¥
vertex angle. The cone that we used in the equations is the

algebraic cone.

To detect the intersection of the edge of the Power Voronoi
cell with the upper cone, we can do a first filtering: if both
Power Voronoi vertices (z',y’,2') and (z",y”,2") lie above
or on the plane z = —c¢, then the intersections obtained be-
fore are in the upper nape, and they are valid intersections.
If both Power Voronoi vertices (z',',2') and (z”,y",2")
lie below the plane z = —¢, then the intersections obtained
before are in the lower nape, and they are not valid inter-
sections.

If nothing is known after the first filtering, we locate the pa-
rameter A; of the point where the straight line through the
Voronoi vertices intersects the plane z = —c¢ with respect
to the roots of the quadratic equation 1. This amounts
to check if f(A;) is the same as the sign of A. We will
show that this is a degree 16 predicate. Since z = 2’ +
N (2" —2'), and z = —c define A\, A = (2 +¢) /(= 2").
By multiplying all the terms of AA? + 2BX; + C by A2,
the sign of f (A;) does not change. We get that the sign of
£ (A1) is the same as the sign of (A2 + A2 — A2) (2 +¢)* +
2(0:0; — 0aDg — 8y Ay) (2 +¢) Az + (85 + 07 — 67) AL
Collecting the terms in z'? and 2’, we get that the terms in
z'%2'% as well as those in y'?z'? and those in 2* vanish. We
get an expression of the form 2% [(z” — a)® + ...] +2/[2c(z” —
z')(z” —a) — 22" (z' — a)(z” —a) +...], from where it follows
that every term accepts a numerator of degree 16 with d?D?
as denominator.

If sgn (f (I)) = —sgn (A) then the two intersections are on
different nape of the algebraic cone. Then, the only intersec-
tion that lies in the upper nape of the algebraic cone is the
solution of Equation 1 which is closer to the higher Power
Voronoi vertex.

If sgn (f (1)) = sgn (A) then either both intersections lie in

the upper nape, or both intersections lie in the lower nape.
In that case, what we need to do is to compare the sum of
the roots ‘TB with A; which again can be shown to be a test
of degree 16.

5. CONCLUSIONS

We have provided an exact predicate for the computation
of Additively Weighted Voronoi diagrams in the plane. The
degree of this predicate is 16. Even though the worst case
running time of the algorithm may not be optimal if we
consider algebraic computations as O(1) running time com-
putations, the algebraic complexity of this algorithm is opti-
mal (degree 16 predicate). The algebraic predicates needed
in order to construct incrementally the Additively Weighted
Voronoi diagram seem to have a higher algebraic complexity.
This is still an open problem to know if degree 16 algebraic
predicates are sufficient to maintain incrementally the Ad-
ditively Weighted Voronoi diagram.
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ABSTRACT

Let n point sites be situated on the vertices or edges of a
geometric graph G over e edges. Each site can be assigned a
multiplicative weight and a color. We discuss the complex-
ity, and provide efficient algorithms for the construction, of
the Voronoi diagram in which each point of G belongs to the
region of that site which is the closest of the furthest color.
Special algorithms are presented for the cases when all col-
ors are identical, when all weights are identical, or when G

. is a tree.

Keywords

Voronoi diagram, graph, network, locational planning.

1. INTRODUCTION

The Voronoi diagram is one of the most interesting struc-
tures in computational geometry; many variants and ap-
plications have been described in the surveys [2, 4, 9]. It
decomposes a given space, G, into Voronoi regions, one to
each element p of a given site set, S, such that the region of
site p contains all points of G that are closer to p than to
any other site in S. In most cases, G is a space of dimension
at least 2.

Some variants of the Voronoi diagram are of particular in-
terest to applications in locational planning. First, each site
p can be assigned a positive weight factor, c, to model its
importance. The distance from p to some point z is then
the standard distance |pz| in space G, times c. (Note that
a bigger weight factor yields a smaller Voronoi region.) For
the Euclidean plane, Aurenhammer and Edelsbrunner (3]
have shown that the weighted Voronoi diagram of n point
sites can be of complexity ©(n?), and provided an optimal
algorithm.

The second variant applies to a situation where each of the
n sites represents one of k different types of facilities, like
schools, shopping malls, hospitals, etc. A person choosing a
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new residence might want to have one representative of each
type as close by as possible. This problem can be solved by
means of the furthest color Voronoi diagram. Let us assume

" that each site is colored according to its type. For each point

z of the plane, let c(i, z) denote the closest site of color i.
Then, by definition, z belongs to the Voronoi region of the
site among c(1, 2),...,c(k, z) that is farthest away from 2.
This distance is minimized by a circle centered at a point
on the Voronoi diagram.

For the Euclidean plane, Huttenlocher et al. [7] have shown
how to construct this diagram in time O(knlogn). Abel-
lanas et al. [1] gave efficient algorithms for finding the small-
est axis-parallel strip or rectangle containing a point of each
color, that were not based on Voronoi diagrams.

In this paper we study both, the weighted and the colored
variant, and their combination, in the one-dimensional set-
ting, where G is a geometric tree or graph. So far, only
the standard (i. e. unweighted and uncolored) Voronoi di-
agram on graphs has received attention. In their mono-
graph [9], Okabe et al. introduce the standard Voronoi di-
agram and discuss its structure. Among other papers, they
cite Hakimi et al. [6] who gave an O(en + mlogm) algo-
rithm based on shortest path computations; here e and m
denote the number of edges and vertices, respectively. If
the sites are vertices of the graph, Mehlhorn [8] avoids the
factor n by a more efficient way of using Dijkstra’s shortest
path algorithm, and Erwig [5] improves on this by giving an
O(e +m + (m — n)log(m — n)) algorithm. —

Throughout this paper, we consider a geometric tree or
graph G of m vertices over e edges, and n point sites that
are placed on edges or vertices of G. Just for simplicity we
assume that G is planar, and that its edges are realized by
straight line segments.

2. WEIGHTED FARTHEST COLOR

VORONOI DIAGRAM ON A TREE
Consider a tree T' = (V, E, d) of size m, where V is the set of
vertices, E the set of edges, and m = |V| = |E|+ 1. For any
two points z, ¥ on the tree, d(z,y) indicates the Euclidean
distance from z to y along the unique path that connects

" the two points.

Given a set S = {p1,...,pn} of n points on the tree, we
define the Voronoi diagram of S on the tree, V.Dr(S), as a
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Table 1: Summary of the results

diagram | measure graph
Complexity n—1+4+m O(n+e)
vD Comp. Time O(m + nlogn) O((n + e) logn)
Complexity O(mn) O(en)
WvD Comp. Time O(mnlogn) O(enlogn)
Complexity 2n—k)+1+4+m O(ke +n)
BERE oy, Dime Bl Fndogn) O((ke + ) log n)
Complexity O(mna(k)), Q(mn) O(ena(k)), Q(en)
PECHD Comp. Time | O(mn(logn + a?(k)logk)) | O(en(logn + o*(k)logk))

partition {VRr(p1),..., VRr(ps)} of T, where the Voronoi
region of each site p; is the set V.Rr(p:) of all the points =
of T' that are closer to p; than to any other site p;, in terms
of the tree distance d. We consider such Voronoi diagram
completely described if the following information is known:

e The set of bisector points, i.e. all the boundary points
between adjacent Voronoi regions.

e For each bisector point, its location in the tree (the
edge to which it belongs, or the vertex it coincides
with), the sites of its adjacent Voronoi regions, and
the distance to them.

e For each vertex of the tree, it(s) closest site(s) and its
distance to it (them).

THEOREM 1. The Voronoi diagram of a set of n points
on a tree of size m has complezity n + m — 1 and can be
computed in optimal ©(m + nlogn) time.

Sketch of the proof: The complexity of the diagram follows
from the fact that the Voronoi regions are connected. The
construction of the diagram can be obtained by the following
algorithm:

1. Sort the sites on each edge, producing the Voronoi par-
tition of each edge between its extreme sites. If there
are more than two sites on some edge the two extreme
sites are relevant for the next steps.

2. Compute the spanning tree St of the remaining sites
in T. Let T' be the result of the following operation:
First we remove all maximal subtrees u of T — St;
by the hanging node h(u) of u we denote the unique
node of u that belongs to Sr. Next we replace every
maximal chain of edges of St that contains only degree
2 vertices by a single edge of the same length.

3. Partition the remaining sites into two sets of about the
same cardinality and compute their Voronoi diagram
on the contracted tree 7’ by divide and conquer.

4. Traverse the original tree, placing the bisectors in their
real position, and assign each subtree to the Voronoi
--- —region of its hanging node.

The correctness of the algorithm is based on the connectivity
of the Voronoi regions, and its complexity analysis strongly
relays on the fact that only O(m) sites survive step 1, and
that the contracted tree has complexity O(n).

Even on a single line any algorithm producing the Voronoi
diagram of a set of n sites solves the e-closeness problem. [

Observation: Notice that for mm = O(1) the previous theo-
rem matches the well known results for the Voronoi diagram
of n points on a line.

‘We now consider the weighted Voronoi diagram WV Dr(S),
where each site p; € S gets assigned a weight w;, as a mul-
tiplicative factor to its associate distance function. In other
words, the weighted Voronoi regions are WV R(p;) = {z €
T | wi-d(z,pi) < wj-d(z,p;) V7 # i}. Note that the weighted
Voronoi regions do not need to be connected and subtrees do
not necessarily belong to the same weighted Voronoi region
as their hanging node. Therefore we need more information
in the description of the diagrams, i.e. for each edge we keep
the bisector points sorted by their order on the edge.

THEOREM 2. The weighted Voronoi diagram of a set of n
points on a tree of size m has complezity ©(nm) and can be
computed in O(mnlogn) time.

Sketch of the proof: The complexity of the diagram follows
from the known fact that the complexity of the diagram on a
line is O(n). In fact, a linear number of bisector points may



appear outside the interval given by the two extreme sites
and so we can multiply this by adding a branching vertex of
degree m in between.

A straightforward adaption of the divide and conquer ap-
proach of the first algorithm (without contracting process)
allows to compute the diagram in O(mnlogn) time. [

Observation: The previous bound is tight in the sense that
for m = O(1) it fits the known computation results of the
weighted Voronoi diagram on a line.

We now generalize the previous Voronoi diagrams in the
sense of [1]. Assume that the n sites are classified in & types,
modeled by k colors (k < n). If p denotes a site of color c,
its farthest color Voronoi region FCV Rr(p) is formed by all
the points = of T for which c is the farthest color and p is
the closest c-colored site.

THEOREM 3. The farthest color Voronoi diagram of n
points of k colors on a tree of complezity m has complexity
2(n — k) +m + 1 and can be computed in O(km + nlogn)
time.

Sketch of the proof: The complexity of the FCV D is 2(n —
k) +m + 1, since the regions are connected and the FCV D
of n points of k colors on a line can be proved to have com-
plexity 2(n — k) + 1.

“a

For the construction, the FCV D of n points on a line can
be computed in optimal ©(nlogn) time by a careful use
of the fact that the diagram is the projection of the upper
envelope of some monochrome polygonal lines of slopes 1
and —1. The tree structure adds a factor k at each of its
vertices. [J

Observation: Recall that the above bounds fit the results
of Theorem 1 when k = 1, as well as the mentioned line
results when m = O(1). It is also worth to say that the
previous theorem improves a straightforward application of
the known results on envelopes [10].

We finally consider the weighted farthest color Voronoi di-
agram on a tree, WFCVDr(S), a generalization of the
FCVDr(S) where each site has a weight assigned, in the
usual multiplicative way.

THEOREM 4. The complezity of the weighted farthest color
Voronoi diagram of n points of k colors on a tree of com-
plezity m is bounded above by O(mna(k)), where a(k) is the
inverse of Ackermann’s function, and from below by Q(mn),
and it can be computed in O(mn(logn + o®(k)logk) time.

Sketch of the proof: For any value of m, n and k, we can
construct a tree T', with size m and arbitrary degrees, and
a set S of n points of k colors, with an arbitrary number
of points of each color, such that the WFCVDr(S) has

complexity (m — 1)n.
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The upper bound is obtained by applying Corollary 6.3 of
[10] to each edge of the tree.

The algorithm that constructs the diagram combines the &
monochrome weighted Voronoi diagrams. [J

Observation: When all the sites are of the same type (k =
1) this result matches that of Theorem 2. On the other
hand, for the case of the tree being a line (m = O(1)), there
is still space for a small improvement, since the running time
of the algorithm turns out to have an extra a(k) factor.

3. EXTENSION TO GRAPHS

In case of graphs things are a bit different. For example
the shortest path between two points is no longer unique.
Despite such effects similar arguments can be applied.

Let e denote the number of egdes of a graph G = (V, D).
The Voronoi diagram on graphs has complexity O(n + e).
Let n; denote the number of sites of an edge i. Each edge is
divided into at most m; + 2 pieces; two bisectors may have
sites outside 7. Summing up yields 3 ;(n; +2) =n + 2e.

For computing the diagram we again apply a divide and
conquer approach. Divide the set of sites into two subsets of
about the same cardinality, compute their Voronoi diagrams
on the graph. Fortunately, the merge step can be done in
O(e). The site of-one of the diagrams wins at a vertex, i.e.
it is the closest site to the vertex. This closest site may
build new bisectors with some sites of the other diagram.
Fortunately, this can be done vertex by vertex, every edge
may be concerned.

Similar techniques and adaptions work also for the more
complicated cases giving rise to the results stated in Table 1.
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Abstract

We consider the problem of finding the worst case optimal
number of vertex m-guards that collectively monitor a simple
polygon with n vertices. Variants of the problem differ in
conditions on the allowable orientations of w-guards at ver-
tices. We show that any simple polygon with n vertices, k of
which are convex, can be monitored by at most | (2n—k)/3]
vertex m-guards which are edge-aligned. This bound is tight
for the worst case families of polygons known so far. We also
show that |n/2] general vertex m-guards are always suffi-
cient, improving upon the earlier bound of |(3n—5)/4]. To
achieve these bounds we allocate vertex m-guards to vertices
using a pseudo-triangulation of the polygon; each pseudo-
triangle is monitored by vertex m-guards on its boundary.

1 Introduction

Urrutia [2] asked the following question: What is the mini-
mal number of vertex w-guards that can collectively monitor
any simple polygon P with n vertices. A vertex m-guard is
given by a pair (v, H”) where v is a vertex of P and H” is a
closed half-plane H” such that v is on the boundary of H".
There may be at most one m-guard at each vertex of P. A
m-guard (v, H”) monitors a € P if and only if the closed line
segment va is in PN H".
A 7-guard at a reflex vertex cannot monitor the complete
angular domain. Restrictions on the orientation of the half-
plane H", where v is a reflex vertex, lead to three variants
of the problem. We may require that at every reflex vertex
v, the possible guard (v, H") be
— inward-facing, i.e. the two sides of P adjacent to v are
disjoint from the interior of H";
— edge-aligned, i.e. inward-facing and the boundary of
H" is collinear with one of the edges adjacent to v;
— general, i.e. we do not restrict the orientation of H".

*The authors acknowledge support from the Berlin-Ziirich Euro-
pean Graduate Program “Combinatorics, Geometry, and Com-
putation”.
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Figure 1: A polygon with_an inward-facing (left),
an edge-aligned (middle), and an outward-facing
(right) vertex m-guard.

Urrutia [8] found a family of polygons that require |5(n —

1)/8] inward-facing or edge-aligned vertex m-guards, but

showed only the sufficiency of n — 2 vertex w-guards [2].

In the restricted models of inward-facing or edge-aligned -

guards, this is still the best previously known upper bound.

For general m-guards the upper bound was improved to | (3n—
5)/4| using a so-called dense decomposition of the simple
polygon [6]; later Brumberg et al. [1] claimed a simple proof
for an upper bound of |5n/6]. The best known lower bound
of | (n—1)/2] follows from a family of polygons called mono-
tone mountains [4] (polygons with two chains of reflex ver-

tices). In this paper, we improve the upper bounds for all

three models.

Theorem 1 |[n/2]| vertex m-guards can always monitor a
simple polygon with n vertices in the general model.

Theorem 2 |(2n — k)/3] edge-aligned vertez w-guards can
always monitor a simple polygon with n vertices, k of which
are conveg.

The latter bound is tight for the family of polygons of Ur-
rutia, for which the number of convex vertices is k = (n —
1)/8 +2.

Our allocation of guards is based on a pseudo-triangula-
tion [3] or geodesic triangulation of the simple polygon P.
A pseudo-triangulation decomposes P along non-crossing
diagonals into pseudo-triangles. It is easy to see that a
pseudo-triangle with £ vertices can always be monitored with
at most |(2¢ — 3)/3] vertex w-guards. Note though, that
this does not immediately imply that an upper bound of
2n/3 + O(1) for the total number of guards required by P,
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since adjacent pseudo-triangles of the decomposition share
“two vertices and optimal guard allocations in two pseudo-
triangles sharing a vertex v can prescribe contradicting ori-
‘entations for a guard (v, H”). As we will see in Section 3,
this kind of conflict can be resolved by using a characteris-
tic property of pseudo-triangulations, namely the fact that
every vertex is either a convex vertex of P or a reflex vertex
of one of its adjacent pseudo-triangles.

The remainder of the paper is organized as follows. We first
recall some definitions and give some basic facts concerning
pseudo-triangles and pseudo-triangulations. We then pro-
ceed to prove Theorem 2 in Section 3. Section 4 illustrates
how a single pseudo-triangle with £ vertices can be guarded
with [£/2] vertex m-guards on its boundary. Finally in Sec-
tion 5, we sketch a proof of Theorem 1.

2 Preliminaries

A pseudo-triangle T is a simple polygon with exactly three
convex vertices, called corners. If a,b, and c are the cor-
ners of T, we denote by ab (and similarly by bc and za)
the chain of reflex vertices between a and b in counterclock-
wise direction on the boundary of T'. For a simple polygon
P, a (minimum) pseudo-triangulation is a set D of non-
overlapping pseudo-triangles such that P = |J D, vertices of
pseudo-triangles are vertices of P, and every vertex of P is
either convex in P or reflex in a pseudo-triangle T € D.

As triangles are also pseudo-triangles, any triangulation of
a simple polygon is a decomposition into pseudo-triangles.
Note, though, that we consider exclusively decompositions
(i.e., pseudo-triangulations) where each vertex is a reflex
vertex of a face: either of the outer face, or of a pseudo-
triangle. This property is also known as pointedness [5].
Every simple polygon has at least one pseudo-triangulation,
but this pseudo-triangulation is not necessarily unique. Ob-
serve that a pseudo-triangle in a pseudo-triangulation is
uniquely determined by its three corners; hence we use the
(non-abusive) notation abe for a pseudo-triangle with cor-
ners a,b, and ¢. The number of pseudo-triangles in a (mini-
mum) pseudo-triangulation of a simple polygon P is always
the number of convex vertices of P minus two.

The dual graph G(D) of a pseudo-triangulation D is defined
by choosing D as the node set of G(D) and connecting two
nodes by an edge iff the corresponding pseudo-triangles have
a common edge (a diagonal of P). Note that G(D) is always
~atree if D is a pseudo-triangulation of a simple polygon. (In

Figure 2: A pseudo-triangulation and its dual graph
for a simple polygon.
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our terminology, polygons have vertices and sides; graphs
have nodes and edges.)

For every pseudo-triangulation D of P, there is a convex
vertex z € V(P) such that z is a vertex (a corner) of a unique
pseudo-triangle T' € D. Let y € V(P) be a vertex adjacent
to £. We denote by G(D)zy the rooted tree G(D) where the
root corresponds to the pseudo-triangle containing side zy.
We write S < T for two pseudo-triangles S,T € Dy, if S is
the successor of T' in G(D)sy. As a shorthand, we denote
by Dy, the pseudo-triangulation D together with the partial
order of successor-ancestor relationship in the tree G(D)zy.
For a reflex vertex v of a pseudo-triangle we consider only
vertex m-guards which are inward-facing (as defined above)
or outward-facing, that is, the sides of P adjacent to v are
in the closed halfplane H” (see also Fig. 1). For a corner v,
we consider only two possibilities: either (v, H”) completely
covers the angular domain, or it does not.

Proposition 3 A pseudo-triangle T with £ vertices can be
monitored by at most |(2£ — 3)/3] verter w-guards: one at
a corner and at most |2(¢ — 3)/3] outward-facing guards at
reflex vertices along two chains (see Fig. 3 left).

Using the same idea, we can deduce an upper bound of
[(£ —1)/2] for so-called monotone mountains — defined by
J. O’'Rourke [4].

Proposition 4 A pseudo-triangle T with £ vertices and bc =
0 can be monitored by at most | (£ — 1)/2} vertez w-guards:
one at the corner b or ¢ (but not at both) and at most
(£ — 3)/2] outward-facing guards at reflex vertices along
one (non-empty) chain (see Fig. 8 right).

b
b

Figure 3: Guards at a corner and along two adjacent
chains monitor the complete pseudo-triangle.

3 Edge-aligned m-guards

Proof [Theorem 2]: Following, and generalizing the idea
of Proposition 3, we describe three different guard alloca-
tions for P that jointly use a total of 2n — k edge-aligned
vertex m-guards. We define these allocations with resepct to
an arbitrary but fixed pseudo-triangulation Dgy. In all three
guard allocations and for each pseudo-triangle T € Dy,
there will be vertex m-guards at one corner of T' and along
the two chains adjacent to that corner such that these guards
collectively monitor 7. The three guard allocation schemes
will jointly use all three corners (and thus different pairs of
chains) for each T' € Dgy.



Figure 4: Propagating the side directions along
G(D)azy-

Consider the pseudo-triangle 71 at the root of G(D)zy,. We
can guard T in three different ways by choosing any one
of its three corners and placing guards at that corner (the
guarded corner gc(Ti) of Ti) and along its two adjacent
chains (see Fig. 3). Every choice of guard allocation for
T} induces a direction on its chains: The sides on the chains
adjacent to gc(T}) are directed away from ge(71), the sides
on the remaining chain have no direction. Note that we do
indeed distinguish between three directions for each side —
the two standard directions and no direction. Fixing the
directions for one chain of a pseudo-triangle uniquely deter-
mines the directions for the remaining ones. Furthermore,
each side of the pseudo-triangulation L Can only have one di-
rection, i.e. a pseudo-triangle inherits its directions from its
parent via their joined side. Therefore, choosing a guarded
vertex gc(7T1) in Ty not only induces a unique direction on
the sides of 71, but actually determines the direction of all
sides of D,y (see Fig. 4). Furthermore, since each pseudo-
triangle T now has exactly one corner with two outgoing
edges, we define this corner to be the guarded corner ge(T').
Finally, note that for each corner v of every T' € Dy, there is
a choice of the guarded corner of 71, such that the resulting
orientation of Dy, implies that v is the guarded corner of T'.
After choosing gc(T1) and propagating the directions along
G(D)gy we place in a second step vertex m-guards along the
directed edges of Dy. More specifically, in each T' € Dgy
we place a vertex m-guard at the corner ge(T') and outward-

Figure 5: Guard allocation according to the vertex
assignment depicted in Fig. 4 after the second step.
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facing m-guards along the two directed chains adjacent to
gc(T) (see Fig. 5). By Property 3, these guards collectively
monitor 7'. Note that it is always sufficient to place at most
one m-guard at each vertex since every vertex is a reflex
vertex of at most one pseudo-triangle of D, and w-guards
at reflex vertices are outward-facing. (This already gives an
upper bound of | (2n — k)/3] in the general model.)

In the last step, we rotate every vertex m-guard (v, H") at
every reflex vertex v until it is edge-aligned. Recall that
v is a reflex vertex of exactly one T\, € D,, and its guard
monitors 7y only if v is on a chain adjacent to ge(T). Rotate
(v, H") so that the area monitored in T, increases. The
resulting set of vertex 7-guards still monitors each T' € Dyy:
The w-guards at reflex vertices of a T € Dz, monitor at
least as much area as before, and the w-guards at ge(T') still
monitor the angular domain of g¢(T") in T, by the choice of
ge(T) (see Fig. 6).

Figure 6: Guard allocation according to the vertex
assignment depicted in Fig. 4 after rotation.

Finally, we show that the total number of guards is 2n — k.
We use 2£; —3 guards on the boundary of the pseudo-triangle
T: corresponding to the root of Dy, where £; is the number
of vertices of Ty. For all other T; € D,, with ¢; vertices,
two guards out of the 2¢; — 3 are already counted on the
boundary of the ancestor of T;. (This can be easily checked
for all possible mutual positions of two adjacent pseudo-
triangles: i.e., the common vertices are both corners, both
reflex, or one is a corner and the other one is reflex.) Hence
all three guard allocations use a total of 2+ %_;(2¢; —5) =
2—5p+237 £ guards where p denotes the number of of
pseudo-triangles, i.e. p = k — 2. Using the fact that n —2 =
P (i—2) = (37, &) —2p, we obtain 2n—2—p = 2n—k
guards in total. m|

4 Tm-guards in one pseudo-triangle

Lemma 5 A pseudo-triangle abc with £ vertices can be mon-
itored by |£/2] vertez w-guards such that there is at most one
inward-facing w-guard, which lies on a prescribed chain, say,
on be, and all other w-guards at reflez vertices are outward-
facing.

Proof (sketch): We propose two possible guard allocations
for abc with a total of at most £ guards, such that all 7-
guards at reflex vertices are outward-facing, except for at
most one guard on the chain be. We consider two cases:

£
i




Case 1: There is a vertex v € bc visible from a - see Fig. 7.

a a

v & v\ e

Figure 7: The two guard allocations in Case 1.

Case 2: There is no vertex on bc visible from a - see Fig. 8.

Figure 8: The two guard allocations in Case 2.

5 Upper bound for the general model

<
To establish the upper bound in the general model, we rely
on a special pseudo-triangulation of P, which corresponds
to the so-called pulling triangulation of convex polygons. A
pulling pseudo-triangulation of a simple polygon is obtained
by choosing (i.e. pulling) a convex vertex z and connecting
it to all other convex vertices of P via geodesic paths (see
Fig. 9). The pulling pseudo-triangulation has the special
property that every pseudo-triangle T' € Dy, with the ex-
ception of the root, has at least one corner adjacent to its
parent, i.e. at least one of the two vertices which 7' shares
with its parent is a corner with respect to T'.

Proof [Theorem 1] (sketch): The basic idea of the proof
is to construct a partition F of the vertices Vp of P and

Py

o

Figure 9: A pulling pseudo-triangulation with re-
spect to z.
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to place vertex m-guards at at most 1|F| vertices for each
F ¢ F. It follows that the total number of vertex m-guards
will be at most |n/2].

In order to define the partition F, consider an ordered pulling
pseudo-triangulation Dg,. We assign a subset 7 C Vr to
each pseudo-triangle T € Dy such that F := {¥r : T €
Dyy} is a partition of Ve \ {z}. Then we place vertex -
guards at some vertices @7 C ¥r.

The pseudo-triangles of D, are processed from bottom to
top, that is, T' € Dy, is processed when all its successors
have already been processed. Processing T' € D, involves
the following three tasks:

1. defining ¥7 C Vr
2. specifying ®r C ¥r C Vr with |®r| < 1|T7|
3. verifying that

(a) the vertex m-guards placed on the boundary of T
(not only those in @) can be oriented such that
they collectively monitor T'

(b) for each vertex v, the orientation of a mw-guard at
v is consistent in every T’ € Dy, adjacent to v

The consistency of the orientation relies heavily on the point-
edness of our pseudo-triangulation: a m-guard at a vertex v
can monitor all convex angular domains adjacent to v and
at the same time it can be an outward-facing 7-guard with
several possible orientations in a pseudo-triangle where v is
a reflex vertex. This means that if we include at one step
in the construction a vertex v in ®r where v is a corner
in T then we are free to choose the orientation of the -
guard at v whenever we are processing a pseudo-triangle 7"
in which v is a reflex vertex as long as the guard remains
out-ward-facing in 7. m|
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ABSTRACT

‘We study the problem of illuminating the exterior of a poly-

gon with floodlights, which is known as the fortress problem.
For some classes of rectilinear polygons we give bounds for
the number of floodlights that are always sufficient for illu-
mination.

1. INTRODUCTION

We suppose the reader to be familiar with the concepts of
polygons, simple polygons and rectilinear polygons. Given
a simple polygon P we denote the interior with int(P), the
exterior with ezt(P) and the boundary with bd(P). Given
a point = we say that a point y is visible from the point z,
if the segment Z7 is completely contained in in¢(P)U bd(P)
or in ezt(P) U bd(P). A floodlight is a light source, that
projects light inside a cone C. If the size of C' is o, we will
call C an a-floodlight. If the apex of C is located at & wertex
of a polygon, we will call C a vertexlight. We do not allow
two floodlights to share a common apex. For convenience
we identify a floodlight with the cone it projects light in.
Given a floodlight F' with apex a we say that a point y is
illuminated by F, if y is visible from a and y € F. We would
like to refer the reader to [3] for a survey on art gallery and
illumination problems. There one can also find a section
about floodlight illumination problems.

We now introduce some commonly used concepts in the
world of rectilinear polygons. First for ease of discussion
we will call a vertical edge E of a rectilinear polygon P a
West-edge or W-edge for short, if int(P) is to the right of
E. In a similar manner we will speak about North-edges,
East-edges and South-edges. A simple rectilinear polygon P
will be called z-monotone, if for every vertical straight line
L the set L N P is convex. It will be called y-monotone, if
for every horizontal straight line L the set L N P is convex.
A simple rectilinear polygon is called orthogonally convex if
it is z-monotone and y-monotone.

Our research was motivated by the work of J. Urrutia and
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others presented in [1]. There they show that for every
a € [0, F) there exists a simple rectilinear polygon the in-
terior of which can not be illuminated by a-vertexlights.
On the other hand for every « € [, 3F) they are able to
prove that for a rectilinear polygon P with n vertices and
h holes I_Q'*'—ﬂy‘—_—ﬂj a-vertexlights are always sufficient and
somtimes necessary to illuminate the interior of P. In the
fortress problem, which requires us to illuminate the exterior
of P, they show that 2 + 2 Z-vertexlights are always suffi-
cient and sometimes necessary. When we allow the apices of
the floodlights to be placed on the boundary of P then the
bound for illuminating the interior reduces to [_"";2"] while
the bound for illuminating the exterior does not change.

The fortress problem was independently posed by D. Wood
and J. Malkelwich. In the original setting the illumination
has to be achieved with vertexguards, which in our context
are 2m-vertexlights. It is known, that the exterior of every
simple polygon with n vertices can be illuminated by [2]
2m-vertexlights. Furthermore the exterior of every simple
rectilinear polygon with n vertices can be illuminated by
[2] + 1 2m-vertexlights. These two bounds are tight and
can be found in [2]. It is not hard to see, that in the case of
simple rectilinear polygons a-vertexlights with a € [3=,2m)
are as powerfull as 2m-vertexlights. On the other hand for
every a € [0, %) there is a simple rectilinear polygon the
exterior of which can not be illuminated by a-vertexlights.

We study the fortress problem for rectilinear polygons too,
and try to find out, if the upper bound of 5 + 2 given
in [1] can be improved, when we use c-vertexlights with
a € (3, 37") As long as no ambiguity can arise, we will
occasionally omit the size of the floodlights used.

2. UPPER BOUNDS

First we consider the class of orthogonally convex polygons.

THEOREM 1. Let P be an orthogonally convex polygon
™). Then we can illuminate the exterior of
4 o-vertezlights.

PROOF. W.l.o.g. we consider 2F-vertexlights. Let En be
a N-edge of P, such that P is contained in the halfplane
bounded by the straight line containing En. Analogously
we define an E-edge Eg, a S-edge Es and a W-edge Ew.
Since P is an orthogonally convex polygon these edges are
unique. Please compare figure 1.




b
<
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Figure 1: An orthogonally convex polygon.

Figure 2: A section of three N-edges in region 4;.

Lets have a closer look at the region A;. We consider three
N-edges FEi, E; and E3 as displayed in figure 2. By D we
denote the triangle with vertices a1, a2 and as. In case
the size of the interior angle of D at a1 is less than § we
place two floodlights as indicated in figure 3. Otherwise we
place two floodlights as shown in figure 4. Floodlights are
indicated by shaded wedges. It is easy to see, thagin either
case the whole region above the edges Ei, F2 and F3 is
illuminated. So roughly spoken we need two floodlights per
six vertices of P, which gives the desired upper bound. [

On the basis of this result we can prove an upper bound
for the class of all simple rectilinear polygons. The proof
employs standard tools such as the orthoconvex hull of a
simple rectilinear polygon. However it consists in a rather
lengthy case analysis, so that we will omit the proof here.

THEOREM 2. Let P be a simple rectilinear polygon with
n vertices and a € [35,3%). Then we can illuminate the

esterior of P with | 32| + 8 a-verteslights.

On the other hand we can generalize theorem 1 in the foll-
wing way:

Figure 3: One possible placement of the floodlights.
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Figure 4: Another possible placement for the flood-
lights.

THEOREM 3. Let P be an orthogonally convez polygon
with n vertices, k € N\ {0,1,2} and € € [555, 5=5)-
Then the esterior of P can be illuminated with [Eﬁ-l-n +
ﬂl‘f—uj vertezlights the size of which is ™+ €.

The idea for the proof is basically the same as in the proof
of theorem 1. But instead of only three N-edges we consider
k consecutive N-edges.

3. CONCLUDING REMARKS

We first remark, that we were able to prove that the upper
bound of % + 2 given in [1] is even tight for a-vertexlights
with o € [§,7]. Furthermore we can show that the upper
bounds given in theorem 3 are asymptotically tight at least
for k = 3 and k = 4. Finally we can prove that the upper
bound in theorem 2 is asymptotically tight. This proof is
based on a construction presented in [1].

On the other hand we were able to show that for every o €

Z,2m] the problem of finding the minimum number of a-
vertexlights sufficient to illuminate the exterior of a given
simple rectilinear polygon is NP-hard.
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ABSTRACT

We consider the problem of finding a minimum spanning
tree for a set of points in the plane where the orientations of
edges are restricted to A uniformly distributed orientations,
A = 2,3,4,..., and where the coordinate system can be

rotated around the origo by an arbitrary angle. The most

important case with applications in VLSI design arises when
A = 2; in this, so-called rectilinear case, the edges have to be
parallel with the z- or y-axis. We suggest a straightforward
algorithm to solve this problem. We also discuss how to solve
the rectilinear Steiner tree problem in the rotational setting.
Finally, we provide some computational results indicating
the average savings for different values of n and A both for
spanning and Steiner trees.

1. INTRODUCTION

Suppose that we are given a set P of n points in the plane.
‘We are interested in finding a minimum spanning tree (MST)
or a Steiner minimum tree (SMT) for P under the assump-
tion that the edges are permitted to have a limited number of
orientations. In fact, we will assume that these orientations
are evenly spaced. More specifically, let A be a non-negative
integer, A > 2. Let w = 7/A. Permissible directions are then
defined by the rays initiating from the origo and making an-
gles iw, i = 0,1,...,2A — 1 with the positive z-axis. Finding
such an MST is not a challenging problem since it can be
defined as a minimum spanning tree problem in a complete
graph with appropriate edge lengths.

Suppose that we are permitted to rotate the coordinate sys-
tem. Rotation by w (or a multiple of w) will have no impact
on the lengths of the edges. But for any angle a € [0, w[, the
edge lengths will change. What is the value of o minimizing
the length of an MST for P? Once « is fixed, finding an
MST is straightforward. Determining similar SMTs seems
to be more complicated. However, for the most important
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rectilinear case, we will show that the search for such SMTs
can be reduced to O(n?) rotational angles. '

Our interest in rotated MSTs and SMTs with bounded ori-
entations was motivated by recent developments in VLSI
technology. It will soon be possible to manufacture chips
with wires running in more than two directions. This makes
the case A = 4 important in practice. Furthermore, addi-
tional length savings seem to be available when the coordi-
nate system can be rotated. This is in particular useful for
small values of A and for nets with limited number of termi-
nals. As )\ grows, the edge length variations become smaller.
As the number of terminals increases, savings along some
edges are “eaten” up by increased lengths of other edges.

N
2. LENGTH OF A SEGMENT

Let us first examine the situation where there are only two
points a = (az,ay) and b = (bz,by). It is obvious that the
best minimum spanning tree is obtained when the coordi-
nate system is rotated so that the segment ab overlaps with
one of the permissible orientations. So our problem is trivial.
However, it is still interesting to determine how the length
of ab changes as the coordinate system is rotated.

Assume that a and b are on the horizontal z-axis and az <
by. When the coordinate system is rotated by ¢, 0 < a < w,
then the length of ab, denoted by |ab|«, changes. It increases
until @ = w/2, and then decreases until @ = w (Fig. 1). More
specifically,

sin @ + sin(w — @)

lable: = lobl——g 703

In particular, if w = /2, then
|able = |ab|(sin & + cos )

It is obvious that the function f.p(c) = |abls is periodi-
cally strictly concave (with the period w). Furthermore, the
minimum is attained when the direction of the segment ab
overlaps with one of the direction rays.

3. MINIMUM SPANNING TREE

Consider a collection S of segments. Their total length will
be minimized when the rotation of the coordinate system
forces the orientation of one of the segments to overlap with
one of the direction rays. This follows immediately from
the fact that segment lengths are piecewise strictly concave




1.5 — T T T
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Figure 1: fo(a) = |abla for a € [0, %], A =2,3,4,5.

functions of the rotation angle. The sum of piecewise strictly
concave functions is also piecewise strictly concave.

Consider a set P of n points in the plane. Assume that the
coordinate system has been rotated in such a way that an
MST T for P is shortest possible. In view of the above re-
mark, one of the edges of T overlaps with one of the direction
rays.

The algorithm to determine T is therefore straightforward.
For each pair of points a and b of P, consider the segment
ab. Rotate the coordinate system so that the orientation of
one of the direction rays overlaps with ab. Compute an MST
for P and store it provided that it is shorter than any MST
found so far. Fig. 2 shows how the lengths of MSTs for a set
of 10 points and A = 4 changes when the coordinate system
is rotated. The histogram was generated by computing 1000
MST:s for values of & evenly distributed in the interval [0, Z].
The vertical dashed lines indicate MSTs in fact computed
by the algorithm. The optimum is on the z-axis.

2.5 % T T T
MST length variation
Checkpoints -------
2.0 % Optimum

15 %

1.0 %

0.5 %

3m/16

0 /16

0.0 % i
/8

Figure 2: MST length variation.

For a fixed rotation of the coordinate system, an MST can
be computed in O(nlogn) time [6]. Since it is only necessary
to consider O(n?) different rotations, the total running time
for computing a rotational MST is O(n®logn). We will in
Section 5 return to the issue of making this algorithm much
more efficient in practice.

4. RECTILINEAR STEINER TREE

Consider the problem of interconnecting the set P of points
by a tree of minimum total length, but allowing additional
junctions, so-called Steiner points. When a set of A\, A > 2,
uniformly spaced legal orientations is given, this is denoted
the Steiner tree problem in uniform orientation metrics [1,
4]. The rectilinear (A = 2) and Euclidean (A = co) Steiner
tree problems have received considerable attention in the
literature [3, 5].

In this section we consider the rotational variant of the recti-
linear Steiner tree problem: Find a shortest interconnection
of P using only two perpendicular orientations; note that
the two orientations are not given, but are restricted to be
perpendicular.

Assume that the coordinate system is rotated at an angle
0 < @ < m/2. In this case the problem to be solved is the
usual rectilinear Steiner tree problem, that is, to find a recti-
linear Steiner minimum tree (RSMT). An RSMT is a union
of full Steiner trees (FSTs) in which all terminals are leaves
(and all interior nodes are Steiner points). Hwang [2] proved
that there exists an RSMT for which every FST has a par-
ticular shape: The FST consists of a backbone, which is just
a shortest path between two terminals, say a and b, using at
most one vertical and at most one horizontal line segment
(in Fig. 3 the backbone consists of the line segments ac and
cb, where c is the corner point of the backbone); all the re-
maining terminals in the FST are connected directly to the
backbone using exactly one line segment (e.g., segment ts
in Fig. 3). Furthermore, none of the remaining terminals

~eare connected to the backbone via the corner point of the
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backbone.

Figure 3: Rotating a rectilinear FST with one corner
point.

Now let us assume that the rotational problem has an opti-
mal solution for a given angle 0 < o* < 7/2. W.l.o.g. this
optimal solution — which is an RSMT for the orientations
given by a* — consists of FSTs having the shape described
above. We will now show that at least one of the FSTs in
the RSMT must have a backbone that consists of one line
segment, i.e., the backbone has no corner point.



Assume to the contrary that every FST has a backbone with
a corner point. Let F be an FST and let |F|o be the length
of the FST as a function of a (for ¢ —e < a < &* +¢ where
e > 0 is sufficiently small). Consider again the FST in Fig. 3.
The corner point ¢ will move along the indicated half-circle,
such that the angle of the segments ac and cb remains at
7/2. Thus the length of the backbone is a strictly concave
function of o as shown in Section 2. Similarly, the length of
a segment that connects one of the remaining terminals to
the backbone will be a strictly concave function. Therefore,
|F|e is a strictly concave function of o, and the same will
hold for the sum of all FST lengths. Therefore, the RSMT
can in fact be shortened, which is a contradiction.

Since at least one of the FSTs must have a backbone without
a corner point, the orientation of the backbone line segment
will overlap with the orientation given by its two endpoints.
The optimal solution to the rotational rectilinear Steiner
tree problem can therefore be found using an algorithm sim-
ilar to the one described in Section 3: For each pair of points
a and b in P, rotate the coordinate system so that one of
the direction rays overlaps with the segment ab. Compute
an RSMT for this direction and repeat this procedure for
all pairs of points; the shortess RSMT computed will be
an optimal solution to the rotational rectilinear Steiner tree
problem.

For A > 2 we conjecture that a similar reduction of the nec-
essary angles can be obtained, but it will not be polynomial
in the number of terminals as for the rectilinear Steiner tree
problem; it is not enough only to consider the orientations
given by pairs of points in P.

5. COMPUTATIONAL RESULTS

In this section we give some computational results indicat-
ing the effect of allowing rotations of the coordinate sys-
tem when computing MSTs and rectilinear SMTs. We used
two sets of problem instances: VLSI design instances and
randomly generated instances (uniformly distributed in a
square). The VLSI instances were made available by cour-
tesy of IBM and Research Institute for Discrete Mathe-
matics, University of Bonn. In this study we have focused
on one particular chip from 1996.

5.1 Minimum Spanning Tree

Generally most of the edges for a given point set will not be
part of a MST for any rotation angle. It is a waste of time to
‘straighten’ these edges and compute MSTs. Luckily most
of these edges can be pruned by using so-called bottleneck
Steiner distances.

Consider the complete graph K, where the vertices repre-
sent the points in the plane. Define the weight of the edge
between vertices a and b to be |abl, /2. In other words, this
weight is equal to the maximum distance between a and b
when the coordinate system is rotated. Compute bottle-
neck Steiner distances in K,. It is defined as the mini-
mum of the longest edges encountered in all paths between
a and b in K., and can be computed in time O(n?) for
all pairs of points; see [3] for details. Let B, denote the
bottleneck Steiner distance between a and b. Whenever
|ab] > Bags, then the edge ab cannot be in any minimum
spanning tree generated during the rotation of the coordi-

nate system. Fig. 4 indicates how many edges survive the
pruning for n = 50 and A = 2,3,4,5.

A=4 A=5

S
Figure 4: Edges surviving pruning of Kso for A =
2,3,4,5.

[A]n=3 p=4 n=5 n=10 1=20 10=50 =100 |
21276 4.86 7.38 20.12 44.77 122.09 253.84
3234 3.84 5.50 1262 26.77 7143 146.81
4222 344 477 10.77 23.05 60.51 123.05
51213 3.34 454 1017 21.28 56.11 113.59
6
7
8

2.07 3.27 438 9.83 20.54 53.89 108.57
2.06 3.21 4.28 9.54 20.06 52.50 105.88
2.03 3.12 4.18 936 19.76 51.74 104.49

9202 309 414 932 19.64 51.09 103.29
10 | 2.02 3.07 410 9.29 19.56 50.69 102.49
16 | 2.01 3.03 4.03 9.08 19.17 49.73 100.33
32 12.00 3.00 4.00 9.01 19.03 49.14 9941

Table 1: Number of surviving edges after pruning
for randomly generated instances (averages over 100
runs).

This pruning turns out to be extremely efficient in general.
Table 1 shows the number of edges that survive for different
values of A and n. Each entry is an average over 100 runs.

The extraordinary efficiency of pruning makes it possible to
solve the problem of finding the best rotated MST much
faster (especially for higher values of A). It will on average
require O(n?logn) time. However, it should be noted that
it is possible to construct point sets of any size where the
number of edges after pruning is Q(n?).
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Table 2 shows the MST improvement for various values of
n and A where each entry is an average over 100 runs. The
table contains two measures of improvement. The first one is
calculated as 1— |l$:ii’| in percent. Tmin is the shortest MST
while Tmax is the longest MST taken over 600 uniformly
distributed values of ¢ in the interval [0,w[. In the second
measure of improvement the value Tmax has been replaced by
the length of the MST without rotating the points (a = 0);

a natural alternative.

5.2 Rectilinear Steiner Tree

We used GeoSteiner [5] to compute RSMTs for each of the
O(n?) orientations given by the pairs of terminals (where
n is the number of terminals). The RSMT improvement
obtained by rotating the coordinate system can be seen in
Table 3. The values are percentages which express the im-
provement compared to not rotating at all. Results for both
random and VLSI instances are given. For small problem
instances the improvements are highest for randomly gene-
rated instances, while for large instances, the VLSI problems
result in a higher improvement.

6. RELATED AND OPEN PROBLEMS

There are several other geometric combinatorial optimiza-
tion problems which require a selection of a subset of edges
and can in the rotational setting be approached in the same
way as the MST problem. The travelling salesman problem
and matching are probably the most well-known. Another
straightforward generalization occurs when the orientations
are fixed but not necessarily evenly spaced. Determination
of rotated MSTs in higher dimensions seems also to require
a straightforward generalization of the 2-dimensional case.

There are several research directions which deserve more at-
tention in the future. First of all, it remains open if the
rotated MSTs can be determined more efficiently by some
direct methods that do not involve enumeration of a (lim-
ited) number of MSTs. Also, the problem of determining ro-
tated SMTs for other than the rectilinear case is completely
open. :

7. CONCLUDING REMARKS

‘We addressed the problem of determining MSTs and recti-
linear SMTs when edge directions are limited to uniformly
distributed orientations and where the coordinate system is
permitted to rotate by any angle. We suggested a simple
polynomial algorithm to solve the MST problem. We also
provided some computational results indicating how big the
savings can be. As it could be expected, the savings become
negligible when A and n grows. On the other hand, for all
practical applications, A is very small. Nets occurring in
VLSI design are also rather small (in terms of the number
of terminals involved). However, when many nets are to be
routed, the overall savings will not be as impressive as for
small isolated nets.
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Gm=3 n=4 n=>5 n =10 n =20 n =50 n = 100
Toox 0=0| Tmax @=0| Tmax a=0 Twmax @¢=0 | Tmax ¢=0]|Tmax =0 Twax a=10
21.86 14.48 | 17.42 9.67 | 15.86 8.38 | 10.29 4.80 | 7.47 3.19 | 5.03 2.12 | 3.46 1.51

8.86 5.34 | T7.38 4.34 | 6.37 3.69 | 4.31 2.52 | 3.01 147 | 1.70 0.78 | 1.23 0.61

5.55 3.48 | 4.32 2.50 | 3.81 2.14 | 2.37 1.31 | 1.72 0.93 | 1.02 0.51 | 0.72 0.39

3.40 2.10 | 2.85 1.66 | 2.42 1.39 | 1.59 0.89 | 1.09 0.58 | 0.72 0.39 | 0.47 0.25

2.36 1.46 | 1.88 1.17 | 1.55 0.97 | 1.05 0.67 | 0.73 0.39 | 0.44 0.21 | 0.30 0.16

1.76 1.12 | 141 0.86 | 1.21 0.74 | 0.78 0.42 | 0.57 0.32 | 0.35 0.19 | 0.24 0.14
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10 | 0.88 0.52 | 0.70 0.40 | 0.58 0.31 | 0.40 0.21 | 0.26 0.13 | 0.18 0.09 | 0.11 0.05
16 | 0.32 0.20 | 0.26 0.16 | 0.22 0.14 | 0.16 0.10 | 0.11 0.06 | 0.07 0.03 | 0.04 0.02
32| 0.08 0.05 | 0.07 0.04 | 0.06 0.04 | 0.04 0.02 | 0.03 0.01 | 0.02 0.01 | 0.01 0.01 |

O 00~ O Tl W N>

Table 2: MST improvement in percent in relation to two values: The first one is the length of the worst case
MST (Tmax) which is the longest MST found among 600 uniformly distributed values of a. The second one
is the length of the MST when there is no rotation at all (@ = 0). All values are averages on 100 random
instances.

(L. [ [ n=2 1=3 n=4 n=5 n=10 =20 n=50 n=100 ]
b ‘ Random | 21.21 11.46 8.19 7.00 3.17 2.17 1.28 0.92
VLSI 14.61 7.01 596 7.62 4.88 2.90 - -

Table 3: RSMT improvement in percent obtained by rotating as compared to not rotating at all. Random:
Randomly generated instances (averages over 100 runs). VLSI: VLSI design instances (averages over 100
runs).
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ABSTRACT

It is shown that every line segment endpoint visibility
graph on n disjoint line segments in the plane admits an
alternating path of length ©(logn), answering a ques-
tion of Bose [2, 3]. Moreover, we give bounds on the
constants hidden by the asymptotic notation.

INTRODUCTION

Consider a set S of n disjoint obstacles, represented
by line segments, in the Euclidean plane. A mobile
agent wishes to visit a maximal number of vertices (i.e.,
segment endpoints) under various constraints. We are
specifically studying simple paths where the agent moves
along a straight line segment between two vertices, and
it cannot cross a segment (although it may walk along a
segment from one of its endpoint to the other). In con-
trast to the traveling salesman problem, the question is
not the minimal distance necessary, but rather whether
there exist a path through all vertices, or what is the
maximal number of vertices that can be visited.

It has been recently shown [4] that there exist a sim-
ple Hamiltonian circuit for a set S of n disjoint line seg-
ment, if they are not all collinear. Urabe and Watanabe
[7] gave a construction where S does not always have a
simple Hamiltonian circuit circumventing |J L, i.e. a
circumscribing polygon. Earlier, Rappaport [5] showed
that S does not always have a simple Hamiltonian cir-
cuit through all segments of S. Note that in such a cir-
cuit, every second segment must belong to S, because
the circuit is simple, once an endpoint of an £ € L is
reached, the path must continue along £.

An alternating path is a simple polygonal chain where
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every other segment belongs to S but none of the seg-
ments cross any segment in S. An alternating circuit is
a closed alternating path.

It is easy to see that not every set of disjoint line seg-
ments admits an alternating Hamiltonian circuit (there
is an example on three segments already). Rappaport [5]
proved that it is NP-complete to decide whether a given
set S of line segments admits an alternating Hamilto-
nian circuit. But if each segment in S has at least one
endpoint on the convex hull of |J S, one can decide in
O(nlogn) time whether an alternating Hamiltonian cir-
cuit exists [6]. We answer a question posed by Bose [2,
3]: how short is the longest alternating path that every
set of n disjoint line segments has? (The length of a
path is the number of vertices visited).

gy

Theorem 1 Let S be a set of n disjoint closed line seg-
ments in the plane. Then for any s € S, there is an
alternating path of length 2log,(n+1) passing through s.

Apart from a constant factor, this bound is best pos-
sible: there are sets of disjoint line segments where the
longest alternating path has length ﬁz_i log, n—17, as
we show in Section 4.

It is easy to turn our proof into an O(nlogn) algo-
rithm to compute an alternating path of length at least
2log,(n + 1). But note that this path might not be
the longest alternating path for the given set of line
segments. The optimization problem might have much
larger complexity.

‘We derive Theorem 1 as an easy consequence of the
following.

Theorem 2 For any set S of n disjoint closed line seg-
ments and for any pair 81,82 € S, there ezists an alter-
nating path from si to sa.

Our proof relies on a recent result which states that
segment endpoint visibility graphs are Hamiltonian. It
allows us to handle the alternating paths of disjoint line
segments in an abstract setting: in a graph which is a
union of a Hamiltonian circuit and a complete matching
on & same set of 2n vertices.

2. PRELIMINARIES



Consider a set S of n disjoint closed line segments
in the plane and denote by Ps-the set of the 2n seg-
ment endpoints. The segment endpoint visibility graph
Viss = (Ps, EsUEy) is defined as follows. Two nodes
u, v € Pg are connected by a

o segment edge, if and only if the corresponding line
segment WU is in S,
while u and v are connected by a
e visibility edge, if and only if the corresponding line
segment WU does not cross any segment from S.
Two line segments cross if they have at least one com-
mon point which lies in the relative interior of both
segments. Denote by Es the set of segment edges,
and by Ey the set of visibility edges. See the exam-
ple in Figure 1(a) where the visibility edges are shown
as dotted lines. A simple path P = (p1p2, ..., Pk) in
Viss is called alternating path if it consists of segment
edges and visibility edges in alternating order, or for-
mally, pai—1p2 € Es for every ¢ = 1,...,|k/2] and
pai paiv1 € By forevery i =1,..., [(k—1)/2].

It has been shown recently that segment endpoint vis-
ibility graphs are Hamiltonian [4]. Moreover, there is a
Hamiltonian circuit Hs in Viss that corresponds to a
simple polygon in the plane. But Hs is not necessarily
alternating, as it might contain two or more visibility
edges in a row (Figure 1(b)). Hs may even consist ex-
clusively of visibility edges.

(a) (b)

Figure 1: Segment endpoint visibility graph and
a Hamiltonian circuit

A segment s € S, which is not in Hg, is necessar-
ily a diagonal of Hs. For example in Figure 1(b), the
segment 4 is an internal diagonal, while the segment e
is an external diagonal of Hs. The main idea of our
proof is the following. We build an alternating path re-
cursively.starting with an arbitrary directed edge e of
Hs. Follow Hg in the direction of & until an endpoint
u of a segment diagonal uv is reached. If there is no
segment diagonal, then Hs is an alternating circuit of
length 2n. At u, the path traverses the edge uv and con-
tinues from v along Hs arbitrarily. Since the two edges
incident to v in Hs are visibility edges (the segments in
S are disjoint), we obtain a path where segment edges
and visibility edges alternate. Observe that this path
has no self-crossings, because the polygon Hs together
with all segment diagonals is a planar graph.

We will show in the subsequent sections, that one can
always produce a simple path of length Q(logn) in this
manner.
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3. THE LOWER BOUND

The key fact in our argument is stated in Lemma 1
below. The proof of Theorems 1 and 2 then follows by
elementary graph theoretic arguments.

Denote by D(Hs) the Hamiltonian cycle Hs together
with all its segment diagonals. Observe that D(Hs) is
planar and its maximal degree is three.

Lemma 1 For any directed edge < and any edge f of
Hg, there is a directed alternating path from € to fin
D(Hg).

Each vertex of D(Hs) has degree 2 or 3. If deg(v) = 2
for some vertex v, then no segment diagonal is adjacent
to Hs at v, therefore v is adjacent to a visibility edge
and a segment edge. If deg(v) = 3 then v is adjacent to
a segment diagonal wv and to two visibility edges along
Hs.

Figure 2: The vertices can be labeled by distance
to fo. e

—

Let € = (eo,e1) and f = (fo, f1). e1 and fi partition
the circuit Hg into two edge-disjoint arcs. Each vertex
v € D(Hs) \ {e1} has a well-defined distance d(v) to f1
along its proper arc in Hs, and let d(e1) = maz{d(v) :
v # e1}. Visibility edges of D(Hs) \ e1 can be oriented
such that an edge uv is directed from u to v, if d(u) >
d(v). Orient one visibility edge incident to e; from e;
to its neighbor. (See an examples in Figure 2 where
the vertices are labeled with d(.)). With respect to the
described orientation, every vertex except for fi has at
least one outgoing and at most one incoming visibility
edge.

Let G = (V, E) be an undirected graph and let P =
(p1, ..., pn) (n € N) be a path in G. For an edge
{pn, } € E we write Poz to denote the path (p1, - .., P,
Proof. (of Lemma 1) Let R(€) be the set containing
e1 and all vertices of D(Hs) that can be reached from €
by alternating paths of both even and odd length (i-e.
where the last edge is a segment edge or a visibility edge,
respectively).

If an endpoint of f is in R(€) then the proof is com-
plete. Assuming the contrary, let yo € R(%") be a vertex
for which min{d(r) : r € R(®)} is attained. Let Po
be an alternating path from € to yo ending with a seg-
ment edge. We show that the path Py can be extended
to an alternating path from € to f by repeating the
following step:

Given P, ending with yi, let TiZit1 be the unique
visibility edge leaving p;i, and let Tit1yit1 be the
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Ti+1

Yi B

Figure 3: The two possible orientation of P;
through z;4i.

unique segment edge incident to zi+1. Put Piy1 =
P;oTit1 0 Yit1. ’

Clearly z, € R(€). We show that z; ¢ R(€") implies
yi € R(€). If we assume y; € R(e) then z; can be
reached on both odd and even alternating cycles: P; —y;
and P’ o z; where P’ is a path to y; € R ending with a
visibility edge.

We show next that y; ¢ R(e") implies zi+1 & R(E).
If we assume z;+1 € R(€) then y; € R(€") because it
can be reached on both odd and even alternating cycles:
P; and P’ o y; where P’ is a path to zi41 € R ending
with a visibility edge.

We observe that y; ¢ R(E) for all 4 > 0. It rests to
prove that P; is a simple path for all i. Then it follows
immediately that P; eventually reaches f, since in each
step P; covers two more vertices.

Suppose that for a P;, i > 0, the extension FP;41
reaches itself, i.e., z;41 € P; \ R(€). (Observe that if
Yi+1 is a common point of P41 and P;, j < 4, then al-
ready zi+1 is a common point of the two paths.) Clearly,
deg(zi+1) = 3. Vertex z;41 is incident to the visibility
edge yizi4+1, denote the second incident visibility edge
by zi+1u and the unique segment edge by z;+1v. (See
Fig. 3.) By the choice of z;11, edge 7iTi11 enters ;1.
Hence Ziz1u leaves x; and P; passes through u, z;, and
v in this order, i.e., zi41 =y;, 0 < j L 4.

Here, j # 4 because z;41 = y; and y; # yi, hence
i > 0. This implies that y; can be reached from & by
an odd and an even alternating path: P; ending with a
segment edge and P; o y; ending with a visibility edge.
This gives y; € R(€"), contradiction. O

It is worthwhile to note here that we do not use in
the above proof that D(Hg) is planar. The proof of
Theorem1 and 2 is completed by the following, elemen-
tary, argument.

Lemma 2 Let G = (V, E) be a planar subgraph of a
segment endpoint visibility graph Viss = (Ps, EsUEy)
such that E D Eg and the mazimum vertez degree in G
is B € IN. If for any two segment edges s,t € Eg
there is an alternating path from s to t, then there is
a an alternating path of length 2logg_;((B — 2)n + 1)
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starting from any segment edge s € S.

We can, basically, repeat the standard existence proof
of paths of length logg_,((B — 2)n + 1) in a connected
graph with n nodes if the maximal degree is B € IN.
Proof. For a directed alternating path P starting with
a segment edge € and ending with another segment
edge, let f(P, &) denote the number of segment edges
t such that there is a directed alternating path from &
to ¢ whose initial section is P.

The path P can be extended by a visibility edge of G
in less than B different ways, and in each case a unique
segment edge follows. The possible resulting paths are
not all necessarily alternating, since some vertices of P
could be reached again. By all means, summing for all
possible alternating path extensions R of P we get

>

R, s.t. R extends P

f(R,®)>f(P,e)-1.

The —1 term appears, because we cannot reach the last
edge of P by any extension. The direction of e can

be chosen such that f ((?) ,?) > n — 1, since any

segment can be accessed from & on an alternating path.

Each time we extend the path P by a new edge,
f(P, &) decreases by at most a factor of B. The lower
bound [logg_; ((B—2)n+1)] on the number of segment
edges on this path follows from the depth of a balanced
(B — 1)-ary tree. m|

4. UPPER BOUND

Complementing the results from the previous section,
we will now show an asymptotically matching lower
bound, that is construct sets S, k € IN of line segments
that do not have long alternating paths.

Theorem 3 There are sets of n disjoint line seyments
in the plane that do not admit an alternating path of
length greater than % log, n — 17 < 7.57 log, n.

Proof. Let Ax be the length of a longest alternating
simple path in Si. The set S is constructed recursively
as follows. All line segments are chords of a circle c.
81 consists of three segments arranged in a triangular
fashion, i.e. such that Viss, = Ks. The endpoints of
the chords partition ¢ into arcs. Sk is obtained from
Sk—1 by inserting a sequence of three segments (i.e. a
copy of 81) on every arc of ¢ that is bounded by only
one segment from S_;. Figure 4 shows &1 and Ss.



(c)

Figure 4: The construction of Si.

Note that there is no difference in visibility between
the two endpoints of any segment in Si. If one considers
the segments only, one can interpret S as complete
ternary tree of depth k — 1 where each node is formed
by a clique of three segments (Figure 4(c)). Since the
longest simple path in a tree of depth &k has length 2 k+1
(remember that we count the number of vertices) and
since visiting a 3-clique of segments means visiting 6
vertices, we can conclude that A\, = 12k — 6.

Sy, contains exactly ng := 3*T! — 3 vertices. Hence,

gk
A = 12 <log3 ng — 1 +10g3 ék_—l) -6
12 3k
= ——1 -1 12 1 —_
fog, 3 0g,y Nk 8+ ogs F o1
and the claimed result follows, since the last term is less
than one for k > 3. O

Note that an Q(log n) bound was already known due
to Urrutia [1], but it is unpublished, and we do not know
about the precise constants achieved.

- 5. OPEN QUESTIONS

There is a straightforward way to find a Hamiltonian
polygon for the lower bound construction from the pre-
vious section. Visiting vertices along the circle ¢ gives
a circumscribing polygon (i.e., where all segments are
sides or internal diagonals). We note here that it is con-
siderably easier to establish our Theorem 1 for sets of
segments which have a circumscribing polygon.

We note also that maximal alternating paths are in
the graph D(Hs) for this example. Our algorithm de-
scribed in the proof of Lemma 2 always gives a path of
length at least 4log,(n + 3) — 7, starting form a seg-
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ment s. Actually, for (n + 3)/2 segments, it outputs an
alternating path of maximum length.

An evident question is: what is the exact length of
a maximal alternating path one can find for any set of
disjoint line segments. We could show that it is between
2log,(n+1) and 7.57 log, n—17. It is not clear that our
approach in its abstract setting cannot give the exact
result.

Let H and M be a Hamiltonian circuit and a complete
matching on the same set V' of 2n vertices. What is the
longest path in the abstract graph (V, HU M) in which
every second edge belongs to M. For this problem, we
know only the same bounds as for alternating paths in
the segments endpoint visibility graph so far.
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ABSTRACT

Given a set of moving obstacles in the plane, we propose a
method for maintaining efficiently the visibility polygon of
a (possibly moving) viewpoint. We consider both smooth-
convez, and simply-polygonal obstacles.

Categories and Subject Descriptors

F.2.2 [Theory of Computation]: Analysis of Algorithms
and Problem Complexity—Non-numerical Algorithms and
Problems

Keywords
kinetic data structure, visibility polygon

1. INTRODUCTION

Visibility computations are central in many computer graph-
ics algorithms and in robot motion planning. A very use-
ful tool is the determination of the objects visible from a
viewpoint. Thus, in the plane, the visibility polygon is an
important visibility structure. It is a star shaped polygon
centered at the viewpoint, whose edges are the visible parts
of the objects in the scene, and whose interior intersects no
object.

Efficient algorithms exist to compute the visibility polygon
in the static case, but applications of this problem may ap-
ply to moving objects. Computing the visibility polygon
at various times on a static “ snapshot ” of the scene is
inefficient, since we do not take into account the temporal
coherence that arise from the continuity of the movements
of the objects (and possibly the viewpoint): if the time step
is too small, we will compute many times the very same
(combinatorial) visibility polygon.

We use the kinetic data structure framework introduced by
Guibas [2, 1] to propose a simple algorithm that maintains
the visibility polygon of a view point in a 2-dimensional
scene when all objects may move. The structure maintained
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is in fact a weak radial decomposition of the scene. Section
2 treats the case of smooth convex obstacles. Section 3 ex-
amines the case of simple (non auto-crossing) polygons.

Kinetic data structures (KDS) are a way to efficiently and
accurately maintain an attribute built on top of continu-
ously moving items (e.g. a convex hull). In order to main-
tain an attribute A over a set of moving items (items are -
generally points), each test in the proof of correctness of the
construction of A is analyzed to detect the time at which
it will fail. The idea is that maintaining the validity of all
those tests (called certificates) guarantees that the attribute
A is maintained also, since the certificates provide a proof
of correctness. Certificates are ordered in a priority queue,
according to their failure time. When the simulation time
passes above the first certificate’s failure time, the attribute
is modified, and the proof is updated (i.e. some certificates
disappear, others are created, and their failure time is com-
puted). This method only requires that the motion of the
items be known in the short term. For short, one could say
that kinetic data structures get rid of step-by-step simula-
tions, and implement in fact time sweep algorithms.

We now get interested in maintaining the visibility polygon
of a scene. Here, in the KDS terminology, the items are the
convex smooth objects, or the polygons’ vertices. We main-
tain a weak radial decomposition of the scene, thus, the
certificates we use take care of the well ordering (i.e. cycli-
cally sorted) of the segments in the decomposition. Finally
the radial decomposition of the scene allows us to quickly
build the visibility polygon.

2. CONVEX OBSTACLES

Let © be a set of n convex obstacles in the plane. Let F
be the “ free space ”: the complement of the union of the
obstacles in the plane. Let V be a point in F. We aim at
maintaining the visibility polygon of V' when V" and elements
of © move in the plane. We assume we can compute in
constant time the visibility tangents of an obstacle, that are
defined as the two tangents to the object passing through
the view point V. Let 7 = {to,t1,...,t2n—1} the t_uple of
the visibility tangents, sorted in the counter-clockwise order.

Let u € S* be a direction. We denote by V (u) the obstacle
seen by V in the direction u. V (u) can possibly be the “ blue
sky ” that we denote co. One important observation is that
V (u) is constant between two consecutive visibility tangents.
Thus, a way to define the visibility polygon around V, is to



see it as the function P : 7 — {O U oo} so that P(t;) =
V(t}) = V(t7,) where t; is seen as a direction pointing
away from the view point V.

2.1 Kinetic visibility polygon

The visibility polygon (VP) changes only when two visibility
tangents (VT) cross each other (but two VTs may cross
each other without affecting the VP). Thus, we can maintain
the VP by detecting when two consecutive VTs will cross,
then updating the VP according to the kind of both VT,
and swapping the two VTs involved to keep them sorted in
counter-clockwise order.

However, having computed the VP at a given time is not
sufficient to maintain it efficiently when obstacles move. We
need some additional data that will have to be maintained
also: for each VT t;, we maintain its hit-item, which is the
obstacle that is hit by the VT beyond the tangency point
(it can be 0o). In fact, we maintain a weak radial decompo-

sition of the scene, where only the far object hit by a VT is -

recorded and not the near object.

For each crossing, the update of the visibility polygon is
done in constant time, by distinguishing 8 cases. First, we
need to characterize the VTs. Half of them will be Left if
(seen from V'), they pass to the left of the obstacle. The
other half will be Right visibility tangents.

We explain the naming of the crossing events with an ex-
ample. Figure la shows an LR and an IL crossing events
(from left to right, the figure presents the obstacles involved
in the event, just before, “ during ” and after the crossing).
LR means that the first VT (in counter-clockwise order) is
a Left tangent, the consecutive VT is a Right tangent, and
the hat on L means that, when the crossing occurs, the tan-
gency point of the Left tangent is farther from V than the
tangency point of the Right tangent. Hence, the 8 cases are
named LI, LL, LR, LR, RL, RL, RR, RR.

::
.

Figure 1: (a) example of a LR event (up) and a LL event
(down); (b) all events

(a)

Now we need to update the VP and the hit-items when the
LR crossing occurs, see Figure 2. The VTs that cross each
other are consecutive in our t_uple of ordered VTs. Let ¢
be the time at which the crossing occurs. Then at times
t~ and t*, no other VT can lie between the two VTs we
are interested in. Therefore we can be sure that any other
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obstacle (different from G or D in Figure 2) either completely
crosses the angular section E, or has no intersection with it.
‘This ensures the correctness of the update process.

First we check if an object C exists between the two points of
tangency at time ¢. To do so, we just need to check whether
g.hit-item (the hit-item of the Right tangent of obstacle
G) is the same as d.hit-item or not. If so, then C does not
exists, else, C exists. Note that {g,d}.hit-item can be oco.

“This information is enough to update the hit-items.

Seen from V, the foremost obstacle among those in the figure
is G. Therefore, if there is a change in the visibility for E,
this change makes G visible. To know whether G becomes
the visible object in E, we simply check whether there exists
another obstacle in front of G at time ¢, by comparing the
obstacle visible in E to C or S (depending on the existence
of C).

The algorithm is described in Figure 3.

Figure 2: Update of a R event, the arrows point to the
hit-items in the case C does not exists

The seven other cases are processed in the very same way,
by just changing the roles in Figure 3.

G;

g.tangent-item ==
== D;

d.tangent-item

if ( G.hit-item == S ) {
// C does not exists
g-hit-item = d.tangent-item;
if ( E.vis-item == S )
E.vis-item = g.tangent-item;

else { // C exists, C == g.hit-item
if ( E.vis-item == g.hit-item )
E.vis-item = g.tangent-item;

Figure 3: Processing an IR event

We know how to maintain the weak radial decomposition
of our scene. Without more work, we can compute the vis-
ibility polygon only in linear time, by looking at the visi-
ble item between each visibility tangent, and “ merging ”
the same consecutive values. This is not very efficient, but
we easily remove this problem by performing a first “ run-
length-encoding ” of the consecutive visible items, and by
maintaining this encoding each time the VP is changed when
a crossing-event occurs. This is done in constant time.
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2.2 Complexity

We express the complexity of this kinetic data structure us-
ing terms proposed by Guibas and Basch [2, 1]. Our data
structure is optimal in size since it is linear in the size of the
scene (the set of all obstacles). It is responsive, meaning that
the cost of processing a certificate failure is small: constant-
time in our case. This KDS is local, meaning that the num-
ber of certificates that involve a single object is small; it is
O(1) in our case, with max. 4 certificates per obstacle.

However, it is not optimal since we may have to update many
certificates in a move while none of these affect the visibility
polygon. Imagine lots of small discs vertically aligned above
a big disc, and the view point traversing the plane horizon-
tally under the big disc. Using Guibas and Basch termi-
nology, our KDS is not efficient, since the total number of
events processed may be of a higher order as the number of
changings in the VP. An optimal algorithm would update
as many certificates as there are changes in the visibility
polygon during the animation. Hall-holt and Rusinkiewicz

[3, 4] propose such an algorithm, but are limited to convex-

smooth obstacles. They do process only one certificate fail-
ure for each change in the VP, but the cost of processing
one event is not constant in time. However, the overall cost
of processing all events for a simple motion (of the observer
only) is significantly better in their algorithm.

3. SIMPLE POLYGONAL OBSTACLES

" ‘We now present an adaptation of the method to simple
polygonal obstacles. A simple polygon can be concave, but
none of its edges cross one another. We consider that obsta-
cles in the initial set are in general position, meaning that
no pair of vertices is aligned with the observer V.

The basic idea is the same. For each vertex v, we keep track
of the ray starting at V' and passing through v, which makes,
by a slight abuse of language, our new visibility tangent. For
each vertex (or VT, since vertices and VTs are in bijection)
we also keep track of its hit-item and of the type of the
vertex. Here, the type of a VT is a bit more complex: Figure
4 shows how we name the type of a vertex depending on
the position of both its adjacent edges relatively to the VT
passing through it.

Left

Up

Right Down

Convex

V-— Point of view

Concave -

Figure 4: Various types of vertices

Note that the hit-itemn of a vertex v can be irrelevant (and
even wrong) if the part of its VT beyond v goes through
the interior of the adjacent polygon of v. It is yet correctly
updated when the VT gets anew in free space.

The certificates that must stay true are the same as in
the case of convex smooth obstacles: we schedule a cross-

:ing event when two consecutive vertices (which are kept

: sorted in counter-clockwise order around the view point)
- get aligned with the observer V. In Section 2, both VTs of
- the same obstacle could not cross each other. This is not °

the case here, since two consecutive vertices (consecutive in
the cyclic order and on a polygon boundary) can get aligned
with V.

Thus, we have two kinds of update when a certificate fails.

. If the certificate concerns vertices consecutive on the bor-
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der of a polygon, then we have to update their type, and
possibly their hit-iterns and the VP; this again, is done in
constant time. In other cases, the update is similar to those
in Section 2, with some more cases because we have to take
into account other types for a vertex, namely Up and Down.

Figure 5 shows how the type of a vertex changes when V
crosses the supporting line of one of its adjacent edges.
Edges of a polygon are oriented so that the inside of the
polygon lies to the left of its edges. When the crossing oc-
curs, one vertex is nearer to V than the other: it will be
said near, and the other, far; one vertex is following the
other on the polygon’s boundary: it will be said nezt, and
the other, prev. This is the terminology used in Figure 5 to
decide which transition we should target.

convex near + T convex near
concave far - concave far
convex far - " convex far
concave near 7 T concave near

Figure 5: Updating a vertex’s type. Fat arrows repre-
sent transitions where hit-item must be updated

The complexity of the structure for polygonal objects is the
same as for convex smooth objects.

Hall-Holt proposes a refinement of this method, which pro-
cesses exactly as many events as there are changes in the
VP. The cost of processing one event is larger, but for the
same motion of all items (obstacles and the viewpoint), his
algorithm is less costly in time because of a relaxation on the
constraints on the shape of the scene decomposition. How-
ever, he designed his algorithm only for convex obstacles.

The algorithm proposed by Hall-Holt can in fact be adapted
to simple polygonal obstacles using a radial decomposition



of the polygonal scene where each edge of a polygon is con-
sidered separated of the others, so that the radial segments
would lie “ in ” the polygons as well, and not only in free
space.

4. CONCLUSION AND FUTURE WORK

‘We have presented a simple kinetic data structure that main-
tains the visibility polygon of a moving point in a planar

A change in the visibility polygon is processed in constant
time. The size of the structure is optimal (linear in the size
of the scene). However it processes too many events: among
all the events processed, lots can have no effect on the VP.
However the number of events processed remains optimal
if the scene is sparse, because nearly all obstacles become
visible.

These algorithms could perhaps be accelerated by represent-
ing polygons with various level of details (perhaps even ag-
gregating polygons that are closed to each other and far
away from the view point), and using a sufficiency criteria
to increment or decrement the LOD for some (groups of)
polygons.

‘We may also want to describe a 3-dimensional visibility poly-
hedron, and extend it to the KDS framework. This looks
much more difficult than in the 2d case.

5. REFERENCES
[1] J. Basch. Kinetic Data Structures. PhD thesis, Stanford
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‘scene of moving obstacles (convex-smooth or simply-polygonal).
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ABSTRACT

The generalized shooter in R? is an optimization problem in
the family of the transversal problems, with the objective to
locate a point (shooter) such that the number of half-lines
(rays) starting at this point needed to stab the n given line
segments (targets) is minimized. We cast this problem in
a kinetic fashion where we are interested in the number of
rays necessary for shooting at any given point for the shooter
moving along an arbitrary continuous path. It appears that
this is equivalent to maintaining the size of a minimum clique
cover (M CC) for the intersection graph of a set of moving
arcs on a circle. By designing a new data structure we are
able to follow the topological changes affecting the size of
the MCC of this graph in time O(log® n) per event. This
leads to O(n® log? n) solution to the shooter problem, which
is the best up to date.

1. INTRODUCTION

The transversal problems, that is, intersecting a family of
objects such as segments or polygons with a line, lines, or
half-lines, play an important role both in theoretical and
applied computational geometry.

In this paper we study a related problem called a generalized
shooter problem. The problem, introduced in [NMB96] as an
extension to questions studied in [LSW90,NMB96,WZ97],
has a simple geometric formulation.

Given is a set S of segments in R* and a point p we say
that a half-line starting at p shoots at s in S if it intersects
s. A set of half-lines shoots at S if every segment in S is
shot at by some half-line in this set. The objective of the
shooting problem is to find sn(S,p), the minimum number
of half-lines starting at p that shoot at S. In the generalized
shooter problem we ask for sn(S) = miny{sn(S,p)} and/or
for the locus of points p that minimize this number of the
shooting half-lines for S.

*Partially funded by grant KBN 8T11C03915

The Eighteenth European Workshop
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(EWCG 2002)
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This problem has been intensively studied in recent years
and there is a sequence of algorithms with incremental im-
provements in the asymptotic complexity.

An O(n®logn) deterministic algorithm was presented by
Wang and Zhu [WZ] who also gave an O(n?) 2-approximation
solution (the number of shots at most twice the optimum).
Chaudhuri and Nandy [CN99] presented an improved solu-
tion with an O(n®) pessimistic time but with a better prac-
tical performance. Another improvement was provided re-
cently by Katz, Nielsen and Segal [KNS00], who designed a
(1+€)- approximation solution with an O((n* log n)/(er*))
worst-case running time; r* is the number of optimal solu-
tions. The asymptotic cost of the algorithm depends on the
quality of the approximation.

Here we present an O(n*log®n) deterministic solution to
the generalized shooter problem. The algorithm is capable
of finding all of the optimal positions and its cost is within
a poly-logarithmic factor to the number of O(n*) possible
solutions in the worst case. The solution is via a kinematic
view of the problem and its connection to the Minimum
Clique Cover (M CC) for arc-graphs. Specifically, we will
show how to efficiently maintain the information about the
shooting number when the shooter moves on the plane.

Although a connection between the MCC and the shooter
problem has been known for some time, its utilization was

- limited to a direct application of the Hsu algorithm [HT91]

for finding M CC of a static arc-graph. As one of the main
contributions of this paper, we show how to maintain the size
of the MCC when the arcs move in a continuous fashion on
the circle, which effectively leads to a data structure that
we call kinetic arc-graphs. In addition to the generalized
shooter problem our method applies to efficient solutions for
related problems such as a dynamic unit-arc graphs and
a shooting to half-transparent segments that we will sketch
in the last section. Furthermore, the same data structure
of kinetic arc-graphs can be used to maintain the maximum
independent sets and the minimum dominating sets in the
circular arc-graphs induced by a point moving among the
segments in S.

2. KINETIC ARC-GRAPHS

The relation between the shooter problem and arc-graphs
is intuitive and simple. A shooter positioned at point p
viewes the segments as angular ranges. These ranges can be
represented as arcs on a small enough circle centered at p.



Figure 1: A set of segments and the corresponding
set of arcs.

An example is illustrated in Figure 1.

DEFINITION 2.1. A circular arc-graph Arcs(S) is a graph
whose veritices correspond to the arc projections of the seg-
ments in S projected on the circle centered at p. Edges in
Arcs(S) correspond to overlapping arcs is called o circular
arc-graph.

A set of nodes V* in Arcs(SY is said to form a linear clique
if all the corresponding arcs have a common point. So for
example, a set of three evenly distributed arcs of length
27/3 + € that is a clique is not a linear clique in the cor-
responding graph. The importance of linear cliques to our
shooting problem is obvious; all of the segments whose arcs
participate in such a clique can be shot with just one half-
line.

We need a few definitions and results from [HT91] regarding
circular arc-graphs.

Let us order a set F' of arcs on a circle in the clockwise
orientation by their starting endpoints. Then arc i can be
represented by a pair (h(3), t(s)), where h(i) is the head (be-
ginning) and ¢(4) is the tail (end) of the arc. Hsu and Tsai
[HT1] defined on F a function next(.) and an independent
set of arcs GD(.). :

DEFINITION 2.2 (HT91). For each arc i, define next(s)
to be arc j in F whose head is contained in (t(3), h(i)) and
whose tail is the first encountered tail in a clockwise traver-
sal from t(i). Define GD(i) to be the mazimal independent
set of the form {i1(= 4),%2,...,ix}, where iy = next(is-1),
t = 2,..,k. Finally, last(i) is defined as next(ix) (clearly,
last(i) overlaps ).

Function next(.) defines a directed graph whose components
are cycles with attached trees (the out-degree for each node
is 1). For that reason the graph’s components are called c-
trees. The cycles in c-trees play an important role in finding
the MCC as it will be explained below. An example present-
ing a set of arcs, and the corresponding circular arc-graph
and c-trees is presented in Figure 1.
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Denote by LQ(4) the (maximal) linear clique consisting of 4
and all arcs that contain (2).-

Furthermore, let i be an arc in F' whose node is in a cy-
cle in the c-trees for F. Let a(F) denote the size of a
maximum independent set in the circular-arc graph for F
and GD(i) = {i1(= %), ia(r)}. Furthermore, the greedy
clique cover GD,(i) is defined to be {LQ(41), ..., LQ(ia(r)}
if last(i) = i and {LQ(i1), ..., LQ(ia(F)+1}, otherwise.

Hsu and Tsai [HT91] prove the following theorem that we
present here with our notations.

THEOREM 2.1 (HTO1). Assume that the set of arcs F
on a circle is not a clique. Let i be any arc in any cycle in
the c-trees for F. Then GD,(i) is a MCC for F'. Moreover,
it can be found in an O(n) time assuming that the circular
arc-graph with ordered arcs is given.

The significance of the above theorem is in providing a con-
nection between a cycle in the c-tree and the size of the min-
imal (linear) clique cover. Translated into simple terms, in
order to find the MCC, first we need to identify a sequence
of arcs whose chain of the nezt relations forms a cycle, that
is, a sequence of the arcs that wraps around the circle once
or more times. Then, in such a sequence we want to find the
longest segment of independed arcs, that is, to stop before
the arcs start wrapping around. The size depends on the
next value for the last element in the sequence. This is the
essence of the algorithm.

Note that F is a non-linear clique in a very special case.

COROLLARY 2.1. The solution to the shooting problem for
a given position p of the shooter is equivalent to finding the
MCC in the Arcs(S).

3. SHOOTING ALGORITHM

In this section we will show the main ingredients of the al-
gorithm leaving details to the full version of the paper.

Let A(S) be the arrangement induced by lines passing through
the endpoints of the segments in S. The sizes of the MCC
are the same for all points belonging to the same cell as the
corresponding circular arc-graphs are isomorphic.

Hence, the general shooting problem is equivalent to find-
ing thé smallest MCC over the entire arrangement. Direct
application of Corollary 2.1, as it was done in the previous
papers on shooting, leads to an O(n®) solution. We will
present an efficient representation for c-trees that will allow
us to maintain the size of the M CC with a poly-logarythmic
cost per event when moving from a cell to an adjacent cell in
a continuous motion. When the point moves between adja-
cent cells in the A(S) there are changes in the next function
that lead in turn to two kinds of changes in the underlying c-
trees: a subtree is reattached from one node to another, and
the nodes in the cycle (as well as the cycle size) change, see
Figure 2. Monitoring these changes and updating c-trees
require efficient data structures. Changes in next will be
maintained in an interval tree-like structure, and changes in
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the c-tree will be maintained in a data structure developed
for this paper and called a ptb-tree.

" A pbt-tree is built on a c-tree and it consists of two structures
that are meshed together:

e Each node in the c-tree is replaced with a B-tree of its
children. This will allow us to change in the logarith-
mic time pointers between children and their parents
while updating the path decomposition (see below).

e A path decomposition of paths in the c-tree. Each path
is organized as a B-tree and links nodes into longest
paths. It is constructed as follows: while moving up-
wards from the leaves to the root of the c-tree, at each
node we continue the longest path of its children and
terminate all other paths reaching this node. This de-

" composition allows us to quickly find the length of the
cycle in the c-tree.

A ptb-tree is illustrated in Figure 4. The size of the ptb-
tree is O(n). Although we are not using randomization it is
useful to think that the paths in the ptb-tree are organized
similarly to skip lists [Pu90].

Our solution is based on the following elements that we will
list below.

1. To find sn(S) it is sufficient to visit the arrangement
A(S) induced by the lines passing through the endpoints of
S and to maintain the current value of the MCC. The size
of the arrangement is O(n*).

2. The size of the MCC can be found based on the c-tree
by analyzing the cycle in this c-tree.

3. There is an efficient representation for c-trees, called
a, ptb-tree that supports the following three operations (it
helps to think about ptb-tree as a rooted tree with the root
pointing to some internal node):

The semantics of Jump(v,k) is to find node v’ between v

5 .
7 7 - 3
6 3 4
5
8
6

Figure 2: A set of arcs, the corresponding circular arc-graph and c-trees
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and the root that is k levels above v.

The semantics of JumpToRoot(v) is to find the distance in
c-tree from v to the root.

LEMMA 3.1. The worst-case complezity of operations Reat-

tach is O(logn) and the cost of Jump and JumpToRoot is
O(log? n).

The operations will be used to modify the c-tree after changes
to the nezt value of some arcs, to monitor the length of
the cycle, and to quickly move from one node to another.
One of useful and quite tricky applications of Jump is to
verify if a given node v is located on the cycle in a given
c-tree. To this end, we store the length sc of the cycle, com-
puted at the beginning with Hsu-Tsai linear time algorithm
and then recomputed with the JumpToRoot operation. With
JumpToRoot(v) we can compute the distance sv from v to
the root. Then Jump(root, sc — sv) should end up in v, if v
is on the cycle. )

4. There is a dynamic data structure that maintains the
arcs on a circle and allows to find the value of next for each
arc in time O(log n).

This structure, called Pos, is similar to the interval tree
[dBvKOS97] for a set of segments and arcs can be deleted
and inserted-in Pos in O(logn) time. Pos will be used to

~ find changes in the nezt function when two endpoints of arcs

swap positions as a result of the shooter motion.

5. The value of the MCC changes by at most 1 between
the cells in A(S). Indeed, let mcc(c) denote the size of this
cover.

LEMMA 3.2. If c1, c2 are the adjacent cells of A(S) that
do not share the boundary that is one of the input segments
then |mec(c1) — mec(ez)] < 1.

PROOF: Moving from c; to ¢z corresponds to swapping




Figure 3: One of the cases - arcs 1 and 2 swap positions

two neighbor endpoints of some two arcs in Arcs(cr). In
terms of the circular-arc graph for Arcs(ei) it corresponds
to adding or removing one edge. This may change the num-
ber of cliques in the current minimal cover; after remov-
ing an edge one of the cliques may break into two, or after
adding an edge two cliques may become a larger clique in
Arcs(cz). If the number of cliques increases, we have a cover
that shows that mecc(c1) < mee(e2) < mee(er) + 1. If the
number of cliques decreases then removing the newly added
edge reduces the problem to the previous case and we have
mee(ez) < mee(e1) < mee(ez) + 1, which ends the proof. O

This lemma is actually more important than it appears at
first glance. As we remember, the size of the MCC is the
longest independent set in a cycle in the c-tree.. Thus the

lemma allows to avoid traversing the entire cycle to find.
‘where the sequence of next starts wrapping around the cir--

cle. Instead, it can be accomplished by jumping from arc
7 to the node j in the cycle that is at the distance of the
old value of mcc minus 1 and then checking the overlap be-
tween arc i and the mext of just three arcs, j, next(j) and
next(nexrt(5)). The gain is in reducing the cost to O(log? n).

To solve the generalized shooter problem we start with com-
puting the arrangement .4(S) and then for an arbitrarily se-
lected cell we initialize the ptb-tree and compute the value of
the M CC using the linear time algorithm of Hsu and Tsai.
Then, using a schedule (such as a spanning tree of the cells)
we visit the cells in the arrangement. When the shooter
crosses the boundary between two cells then two endpoints
of some two arcs in the circular arc-graph change their po-
sition. Using Pos structure, in O(logn) time we find the
new values of nezt for the affected arcs. The changes are
propagated in O(log? n) time to the ptb-tree and the new
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value of the mcc is recorded. We can keep all the values in
a priority queue represented with a binary heap.

After visiting all the cells we can read off the solution to the
shooter problem from the heap.

The correctness of the algorithm follows from the following
lemma.

LEMMA 3.3. The algorithm correctly updates ptb-trees rep-
resenting the c-trees after changes to the next values.

ProOF: The ptb is initialized correctly to represent the ini-
tial c-tree. By case analysis of possible changes in positions
between a pair of arcs when the boundary between cells is
crossed, and from the correctness of operations on ptb-tree
we demonstrate the claim. O

It leads to the following

THEOREM 3.1. Algorithm Shooting is correct, i.e., it finds
the minimal number of halflines necessary to shoot the n
given segments. The cost of the algorithm is O(n* log? n).

PrOOF: From Lemma 3.3 we know that the ptb-tree cor-
rectly represents the nezxt relation for each cell in the ar-
rangement as we move from one cell to another and that
the returned value is equal to the size of the M CC for the
current circular arc-graph. This implies that the algorithm
finds the solution to the shooting Problem. The shooting
number is found by analyzing the neighborhood of the pre-
vious shooting number in the cycle. By Lemma 3.2 only
such a neighborhood needs to be analyzed.
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lines illustrate B-trees for the path decomposition.

The initialization of the arrangement, the initialization of
the data structures and O(n*) updates to the ptb-tree can
be accomplished in O(n*logn) time. Moreover, after all
the data structures are initialized, the cost per..event is
O(log? n). ]

4. CONCLUSIONS

We have focused in this paper on a solution to the general-
ized shooter problem. By designing an efficient data repre-
sentation pib-tree for c-trees, we have been able to maintain
the Minimum Clique Cover for the circular arc-graph corre-
sponding to the segments viewed from the perspective of a
moving shooter. It results in an algorithm with the best de-
terministic performance up-to-date. The algorithm is close
to the optimal for segment arrangements with a reach set of
optimal positions for the shooter.

Although the presentation assumed that the segments in S
are pairwise disjoint, this can be relaxed, and in particular,
we can allow the shooter to cross the input segments while
moving between cells. Note that when a segment is crossed
the corresponding arc in the circular arc-graph jumps to
the other half-circle, which makes the problem sightly more
difficult.

The same approach can be used for other graph-theoretical
structures such as the Maximum Dominating Sets and the
Minimum Dominating Sets for circular arcs-graphs.

Other computational applications of the our approach in-
clude the MCC problem for a dynamic set of union length
arcs and the shooting problem for segments that are semi-
transparent; selected segments in the set are invisible from
one side and visible when viewed from the other.

Additionally, the ptb-tree tree data structure can be applied
whenever there is a need to reattach groups of subtrees be-
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Figure 4: A schematic view of a ptb-tree. B-irees of the children of nodes are represented with small trzangles.
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tween nodes and to quickly jump from a node to its prede-
cessor that is a given number of generations above in the
tree. The structure borrows from B-trees and skip lists, as
well as uses a technique that we call a path decomposition.

Possible furher applications may involve piercing sets and

transversals for more complicated objects; polygons are good
candidates here. —_——
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ABSTRACT

To better handle situations where additional resources are
available to carry out a task, many problems from the man-
ufacturing industry involve “optimally” dividing a task into
a constant k number of smaller tasks. We consider the prob-
lem of partitioning a given set S of n points in the plane into
k subsets, 81, .. ., Sk, such that max;<i<x |M ST (S;)| is min-
imized. A variant of this problem arises in the shipbuilding
industry[10].

Initially we show that this problem, the k-BPMST prob-
lem, is NP-hard, and we then continue by presenting two
approximation algorithms. The first one, a straight-forward
greedy algorithm, is a k-approximation algorithm that runs
in O(nlogn) time. The second algorithm, which runs in
time O(nlogn), is a (4/3 + ¢)-approximation algorithm for
the case k = 2 and a (2 + ¢)-approximation algorithm for
the case k > 3.
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1. INTRODUCTION

In one interesting application from the shipbuilding indus-
try, the task is to use a robot to cut out a set of prespecified
regions from a sheet of metal while minimizing the comple-
tion time. In another application, a salesperson needs to
meet some potential buyers. Each buyer specifies a region
(i-e., a neighborhood) within which the meeting needs to be
held. A natural optimization problem is to find a salesperson
tour of shortest length that visits all of the buyers’ neigh-
borhoods and finally returns to his initial departure point.
Both these problems are related to the problem known in the
literature as the Traveling Salesperson problem with Neigh-
borhoods (TSPN) and which has been extensively studied
[2, 4, 6, 7, 8, 9]. The problem (TSPN) asks for the shortest
tour that visits each of the neighborhoods. The problem
was recently shown to be APX-hard[7].

Interesting generalizations of the TSPN problem arise when
additional resources (k > 1 robots in the sheet cutting prob-
lem, or k > 1 salespersons in the second application above)
are available. The k-TSPN problem is a generalization of the
problem where we are given k salespersons and the aim is
to minimize the completion time, i.e., minimize the distance
traveled by the salespersons making the longest journey.

The need for partitioning the input set such that the opti-
mal substructures are balanced gives rise to many interest-
ing theoretical problems. If we restrict our inputs to sets
of points instead of regions an interesting problem is the
one called the k-TSP problem, which is equivalent to the k-
TSPN problem but with the regions replaced by points. In
this paper, however, we consider the problem of partitioning
the input so that the sizes of the minimum spanning trees
of the subsets are balanced. More formally, the Balanced
Partition Minimum Spanning Tree problem (k-BPMST) is
stated as follows:

PROBLEM 1. Given a set of n points S in the plane, par-
tition S into k sets Si,...,Sk such that the weight of the
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largest minimum spanning tree,

= M(S;
W = max (IM(S:)])
is minimized. Here M(S;) is the minimum spanning tree
of the subset Si and |M(S;)| is the weight of the minimum
spanning tree of S;.

Note that a c-approximation for the k-BPMST problem im-
mediately yields a 2c-approximation for the k~TSP problem,
by traversing the produced MST’s.

The paper is organized as follows. We first show that the
problem is NP-hard. We then present an approximation
algorithm with approximation factor 4/3 + ¢ for the case
k = 2, and with an approximation factor 2 + € for the case
k > 3. The algorithm runs in time O(nlogn).

2. NP HARDNESS

In this section we show that the k-BPMST problem is NP-
hard. In order to do this we need to state the recognition
version of the k-BPMST problem:

PROBLEM 2. Given a set of n points S in the plane, and
a real number L, does there erist a partition of S into k
sets S1,...,Sk such that the weight of the largest minimum
spanning tree,

W= llgiagck(lM(&)l) <L?

In a computational model in which we can handle square
roots in polynomial time, such as the real-RAM model (which
will be used for simplicity), this formulation of the problem
is sufficient in order to show that the k-BPMST problem is
NP-hard. Note, however, that it may be inadequate in more
realistic models, such as the Turing model, where efficient
handling of square roots may not be possible. The compu-
tation of roots is necessary to determine the length of edges
between points, which, in turn, is needed in order to calcu-
late the weight of a minimum spanning tree. So in a realistic
computational model the hardest part may not be to parti-
tion the points optimally, but instead to calculate precisely
the length of the MST’s. Thus, in these more realistic com-
putational models we would like to restrict the problem to
instances where the lengths of MST’s are easy to compute.
For example, this can be done by modifying the instances
created in the reduction below, by adding some points so
that the MST’s considered only contain vertical and hori-
zontal edges.

The proof is done (considering the real-RAM model) by a
polynomial reduction from the following recognition version
of PARTITION.

PROBLEM 3. Given integers a = {a1 < ... < an}, the
recognition version of the partition problem is: Does there

exist a subset P C I ={1,2,...,n} such that

> o

jei/p

#P=#I/P and)  a;

jep
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We will denote #P by h, h = n/2. This version of PARTI-
TION is NP-hard [5].

LEMMA 1. The k-BPMST problem is NP-hard.

PRrROOF. The reduction is done as follows. Given a PAR-
TITION instance we create a 2-BPMST instance, in polyno-
mial time, such that it is a yes-instance if, and only if,
the PARTITION-instance is a yes-instance. Obviously PAR-
TITION then polynomially reduces to 2-BpMST. Given that
the PARTITION-instance contains n integers ai,...,an, we
create the following 2-BPMST instance. A set of points &, as
shown in Figure 1 (a) is created, with inter point distances
as shown in Figure 1 (b). A closer description of these points
and some additional definitions is given below:

e a' ={al,...,a,}, where aj = (0,i}),
e I ={l,...,ln}, where l; = (—d — ai,i\),
(6 + ai, ),

o I'={l3,...,ll,_1}, where [} is the midpoint on the line
between [; and l; 41, and

e r={ry,...,mn}, where r;

e v’ = {ri,...,rh_1}, where r} is the midpoint on the
line between r; and 741

For any given partition P = {P[1], P[2],...,P[h]} C {1,2,...

we define a* = {app), ..., apm)}. Further, let A = 11n(an +
n) and let § = Tn(an + n). Note that A} < A* + a2
which implies that A; < 12n(a, + n), which means that
vi = Ai/2 < 6n(an +n). Finally let (see definition 2)

n—1

PBRS

i=1

Since the number of points in § is polynomial it is clear that

this instance can be created in polynomial time. Next we
consider the “if”, and the “only if” parts separately.

L= (Zai)/2 +n/2-5+

i€l

If If P exists and we have a yes PARTITION-instance it
is clear that the corresponding 2-BPMST instance is also a
yes-instance. This follows when the partition Si = a* +1 +
U, 8 =8 — 81 (a class 1 partition, as defined below) is
considered. The general appearance of M(S;) and M(S3)
(see Figure 1 (c)) is determined as follows. The points [ + '
and the points r + ' will be connected as illustrated in
Figure 1 (c), which follows from the fact that v; < § < d+as.
Next consider the remaining points a’. Any point a; will be
connected to either I; (in M(S;)) or r; (in M(S3)), since
r; and [; are the points located closest to a} (follows since
A > d + an). Thus,

n—1
IM(S)] = M(Sp) =D a)/2+n/2-6+ D A
i€l

i=1
and we have that the created instance is a yes-instance.
Only if We have that P does not exist and we therefore

want to show that the created 2-BPMST is a no-instance.
For this two classes of partitions will be examined:
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Figure 1: The set of points S created for the reduction. In Figure (a) all notations for the points are given.
Similarly, in Figure (b) the notations for the distances between points are given. Figure (c) illustrates a class

1 partition, and (d) illustrates a class 2 partition.

e All partitions V1,V such that [+1' C Vi andr+7' C
V2

e All other partitions 1,2 not belonging to class 1.

We start by examining the first class (illustrated by Fig-
ure 1c). Note that an optimal MST will contain the edges
in M(V1) and M (V) plus the edge between ay and I1 or
r1, hence |M(S)| = |[M(O1)| + |[M(V2)| + 6 + a1. Note
also that [M(V1)| + [M(V:2)| = 2- L. For all partitions
Vi C Vi,V5 C Vs such that each subset Vi,V; contains
exactly |a’|/2 points from the set a' it is clear, since P does
not exist, that maz{|M(V1)|,|M(V3)|} > L. This is true
also for the partitions Vi C V1, Vs C Vs such that each sub-
set does not contain exactly |a’|/2 points from the set a’. To
see this consider any such partition and the corresponding
subset V; such that [V;| = max{|Vi|,|V5|}. We have that

n—1 n—1
IMVD)| 2 8+n/2:64 3 X > (D ai)+n/2:8+) N> L

i=1 i€l i=1

This implies that max{|M (V;)|, | M(V3)|} > L.

Next consider the class 2 partitions (illustrated by Figure 1d).
There is always an edge of weight v; (1 < i < n) connect-
ing the two point sets of any such partition. This means
that there can not exist a class 2 partition U1, Uz such that
max{|M (U1)|, | M (U2)|} < L, because we could then build a
tree with weight at most 2- £ +v; < |[M(W1)| + |[M(V2)| +
§ + a1 = |M(S)|, which is a contradiction. Thus,

max{|M ()|, |M ()|} > L, which concludes this lemma.

Bl

3. A(2+¢) APPROXIMATION

In this section a (2 + €)-approximation algorithm is pre-
sented. Note also that a straight-forward greedy algorithm,
that partitions M(S) into k sets by removing the k — 1
longest edges gives an approximation of k. The main idea of
the (2 + ¢)-approximation algorithm is to partition S into a
constant number of small components, test all valid combi-
nations of these components and give the best combination
as output. In order to do this efficiently, as will be seen later,
one will need an efficient partitioning algorithm. Tree par-
titioning algorithms have been previously studied [3]. Thus,
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we can (by studying M (S) and using similar principles) eas-
ily comstruct a partitioning algorithm, denoted VALIDPAR-
TITION or VP for short, such that Lemma 2 can be shown.
A partition of a point set S into two subsets S1 and S» is
said to be valid if max(|M(S1)|, |M(S2)]) < 2/3 - [M(S)].

LEMMA 2. [1] Given a set of points S, VP divides S into
two sets Sy and-Sy-such that (i) max{|M(S1)|,|M(S2)|} <
IM(S), and (i) |M(S1)] + |M(S2)| < |M(S)|. If VP 1s
given a MST of S as input then it holds that the time needed
for VP to compute a valid partition is O(n). '

3.1 Repeated ValidPartition

An algorithm denoted REPEATEDVALIDPARTITION, or RVP
for short, will use VP repeatedly in order to create the many
small components mentioned in the introduction of this sec-
tion. RVP, given M (S) and an integer m, first divides M (S)
into two components using VP. Then RVP repeatedly par-
titions the largest component created thus far (again using
VP) until m components have been created. The following
lemma expresses an important characteristic of RVP.

LEMMA 3. [1] Given a minimum spanning tree of a set
of points S and an integer m, RVP will partition S into m
components 81, ...,Sm such that

max(|M(S1)l,- -, IM(Sm)]) < ZIM(S).

3.2 The approximation algorithm

Now we are ready to state the algorithm CA. As input we
are given a set S of m points, an integer k£ and a positive
real constant ¢. The algorithm differs in two separate cases,
k =2 and k > 3. First k = 2 is examined, in which the
following steps are performed:

step 1: Divide M (S) into f,— components, using RvP, where
e = 1757<- The reason for the value of ¢ will become
clear below. Let W denote the heaviest component

created and let w denote its weight.

2
.
2
5
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Figure 2: The two cases for CA, k = 2. The edge ¢
(marked) is the shortest edge connecting &1 with S».

step 2: Combine all components created in step 1, in all
possible ways, into two groups.

step 3: For each combination tested in step 2, compute the
MST for each of its two created groups.

step 4: Output the best tested combination

THEOREM 1. For k = 2 the approzimation algorithm CA
produces a partition which is within a factor % + € of the
optimal in time O(nlogn).

ProOOF. Let Vi and V2 be the partition obtained from
CA. Assume that S; and S; is the optimal partition, and
let e be the shortest edge connecting &1 with S2. According
to Lemma 3 it follows that w < 2/(4/¢')|M(8)| = $|M(S)|.
We will have two cases, |e] > w, and |e] < w, which are
illustrated in Figure 2 (a) and Figure 2 (b), respectively.
In the first case every component is a subset of either S1 or
8S». This follows since a component consisting of points from
both &; and &» must include an edge with weight greater
than w. Thus, no such component can exist among the
components created in Step 1. Further, this means that the
partition &; and S» must have been tested in Step 2 of CA
and, hence, the optimal solution must have been found.

In the second case, |e|] < w, there may exist components
consisting of points from both S; and Sz, see Fig. 2. To
determine an upper bound of the approximation factor we
start by examining an upper bound of CA. The dividing
process in Step 1 of CA starts with M(S) being divided
into 2 components M (S]) and M(S3), such that
max(|M(S1)|, |M(S5)|) < 2|M(S)|. These two components
are then divided into several smaller components. This im-
mediately reveals an upper bound of |CA| < 2|M(S)|. Next
the lower bound is examined. We have:
!
L] lM(S;l lel IMQS)I_6 Az’I(S)

Then, if the upper and lower bound are combined we get:

MO 43
(1-)2E = 1-¢

> 1<%,

ICAl/lopt] < <4/3+ec

In the third inequality we used the fact that ¢ < e

Next consider the complexity of CA. In Step 1 M(S) is
divided into a constant number of components using VP.
This takes O(n) time. Then, in Step 2, these components
are combined in all possible ways. This takes O(1) time
since there are a constant number of components. For each
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Figure 3: Si,...,Sk is an optimal partition of S. All
subsets that can be connected by edges of length
at most w are merged, thus creating the new set
Sy \Sh.

tested combination there is a constant number of MST’s to
be computed in Step 3. Further, since there are a constant
number of combinations and M (S) takes O(nlogn) to com-
pute, Step 3 takes O(nlogn) time. [J

Next consider & > 3. In this case the following steps are
performed:

step 1: Compute M(S) and remove the k—1 heaviest edges
et,...,ex—1 of M(S), thus resulting in k separate trees
M(UY),...,M(U).

step 2: Divide each of the trees M(U}),... M(Uy) into &£
components, using RVP. C is a positive constant and
¢ = 35. The reason for the value of ¢ will be-
come clear below. Denote the resulting components
M(Uh),...,M(U,), where r = &€ . k. Further set

€

w = max{|M(U1)],...,|M(Ur)|}-

step 8: Combine Uy, ..., U, in all possible waysinto 1,...,k
groups.

step 4: For each such combination do:

e Compute the MST for each of its corresponding
groups.

e Divide each such MST in all possible ways, using
RVP. That is, each MST is divided into 1, ... ,i(z <
k) components, such that the total number of
components resulting from all the divided MST’s
equals k. Each such division defines a partition
of S into k Subsets.

step 5: Of all the tested partitions in step 4, output the
best.

THEOREM 2. For k > 3 the approzimation algorithm CA
produces a partition which is within a factor of 2 + € of the
optimal in time O(nlogn)

PRrROOF. A constant number of components are created
which means that the time complexity is the same as for the
case k = 2, O(nlogn). To prove the approximation factor
we first give an upper bound on the weight of the solution
produced by CA and then we provide a lower bound for an
optimal solution. Combining the two results will conclude
the theorem.




Consider an optimal partition of § into k subsets Si, ..., Sk.
Merge all subsets that can be connected by edges of length
at most w. From this we obtain the sets Si,...,S;/, where
k' < k (see Figure 3). Let m; denote the number of elements
from Si,...,Sk included in Sj. The purpose of studying
these new sets is that every component created in Step 2 of
CA belongs to exactly one element in Si,..., S A direct
consequence of this is that a combination into k' groups
equal to Sy, ..., S;, must have been tested in Step 3.

Step 4 guarantees that M(S1),..., M(S;,) will be calcu-
lated, and that these MST’s will be divided in all possible
ways. Thus, a partition will be made such that each M(S;)
will be divided into exactly m; components. This partitions
S into k subsets Vi,...,Vk. Let V be a set in V1,..., Vg
such that |M (V)| = maxi<i<x(|M (V;)|). We wish to restrict
our attention to exactly one element of the set Si,...,Sp.
Thus, we note that V is a subset of exactly one element S’
in Sf,...,8. Assume that M (V) was created in Step 4
when M (S') was divided into m' components using RVP.
Thus, M(V) < 2|M(S')|, according to Lemma 3. Since
the partition Vi, ..., Vi will always be tested we have that
ICA| < |MV)| < &IM(S)]

Next a lower bound of an optimal solution is examined. Let
|opt’| be the value of an optimal solution for &' partitioned
into m’' subsets. Note that S’ consists of m' elements from
Si,...,Sk. Assume w.lo.g that &' = S1 + ...+ 8. This
means that S1,...,S,, is a possible partition of S’ into m/
subsets. Thus, |opt| > maxi<i<m: (|M(S:)]) = |opt'|. As-
sume w.l.o.g. that e},..., e, _, are the edges in M(S) con-
necting th&components in S’. We have:

1 m' -1
lopt| > lopt'| > —(1M(S")| = 3 leil) >
i=1

> (M) = (m' = 1w) (1)

To obtain a useful bound we need an upper bound on w.
Consider the situation after Step 1 has been performed. We
have

“maxi<ick(IM(UD)]) < |M(S)| = 02 les| Since each U
is divided into ’“C—,C components we have that the result-
ing components, and therefore also w, have weight at most
2/(EC)-(|M(S)|— 21 leil), according to Lemma 3. Using

i=1
the above bound gives us:
w__2/(52) (M@ - T el
loptl = L(M(8)] ~ Tz, leil)

2-¢ 2-¢€
<—=>w< ——|opt 2
<Zlouw<Zm @

Note that |opt| < |M(V)| < Z|M(S')|. Further, setting
C > 4 and combining 1 and 2 gives us:

lopt| > % <|M(S')| - (m' - 1)2—;|optl> > (1—6')|M,El—‘,gl)l-

Combining the two bounds together with the fact that ¢’ <
€/(2 + ¢€) concludes the theorem.
2 1M(S")] 2

|CAl/lopt| < (1"LE,) M S Toe <2+e
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a

The results in this paper are shown in a geometric setting
but can, under some minor restrictions, be shown in a metric
setting also.

4. CONCLUSION

In this paper it was first shown that the k-BPMST prob-
lem is NP-hard. After this was established, the next step
was to design approximation algorithms for the problem.
The algorithm is based on partitioning the point set into a
constant number of smaller components and then trying all
possible combinations of these small components. This ap-
proach revealed a (4/3 +¢)-approximation in the case k = 2,
and a (2 + €)-approximation in the case k¥ > 3. The time
complexity of the algorithm is O(nlogn).
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ABSTRACT _

Let P be a set of n points in the plane. The geometric
minimum-diameter spanning tree (MDST) of P is a tree that
spans P and minimizes the Euclidian length of the longest
path. It is known that there is always a mono- or a dipolar
MDST, i.e. a MDST whose longest path consists of two or
three edges, respectively. The more difficult dipolar case can
so far onf¥y be solved in O(n®) time. In this paper we give
an O(nlogn)-time approximation scheme for the MDST.

1. INTRODUCTION E

The geometric minimum-diameter spanning tree (MDST)
can be seen as a network without cycles that minimizes the
maximum travel time between any two sites connected by
the network. This is of importance e.g. in communication
systems where the maximum delay in delivering a message
is to be minimized. Ho et al. showed that there always
is a mono- or a dipolar MDST [4]. For a different proof,
see [3]. Ho et al. gave an O(nlogn)-time algorithm for the
monopolar and an O(n®)-time algorithm for the dipolar case
[4]. In the more difficult dipolar case the objective is to
find a minimum-diameter dipolar spanning tree (MDdST),
i.e. a tree with two roots z,y € P such that the function
Tz + |zy| + ry is minimized, where |zy| is the Euclidean
distance of z and y, and r, and 7y are the radii of two disks
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centered at z and y that cover P.

We show that there is a fast approximation scheme for the
MDdAST. More precisely, given a set P of n points and
some ¢ > 0 we show how to compute in O(nlogn) time and
space a dipolar tree whose diameter is at most (1+¢) times
as long as the diameter of a MDdST. Our approximation
scheme is based on a well-separated pair decomposition [1]
of P, a very powerful tool that we will briefly review. This
decomposition makes it possible to consider only a linear
number of pairs of points on the search for the two poles of
an approximate MDdST. The main novelty of our scheme
is a discretization of the orientations of line segments to a
constant number of orientations. We only consider projec-
tions of P onto those directions, which gives us fast access
to farthest neighbors. For the full paper, see [2].

2. THE WELL-SEPARATED PAIR DECOM-
POSITION

Our algorithm uses the well-separated pair decomposition
(WSPD) of Callahan and Kosaraju [1] that we now review.

DEFINITION 1. Let 7 > 0 be a real number, and let A
and B be two finite sets of points in R®. We say that A
and B are well-separated w.r.t. 7, if there are two disjoint
d-dimensional balls Ca and Cp both of radius r such that
A C Ca, B C Cg, and the distance between Ca and Cp 1is
at least equal to Tr.

The parameter T will be referred to as the separation con-
stant. The following lemma follows easily from Definition 1.

LEMMA 1. Let A and B be two finite sets of points that
are well-separated w.r.t. T, let T and p be points of A, and
let y and q be points of B. Then (i) |zy| < (1 +2/7) - |zq|,
(ii) |zyl < (1+4/7) - Ipal, (i) Ipe| < (2/7) - |pal, and (iv)
the angle between the line segments pq and py s at most
arcsin(2/7).



DEFINITION 2. Let P be a set of n points in R?, and 7 >
0 a real number. A well-separated pair decomposition for
P w.r.t. 7 is a sequence (A1, B1), (A2, B2),...,(As, Br) of
pairs of non-empty subsets of P such that each pair is well-
separated w.r.t. T and for any p # q € P, there is ezactly
one pair (A;, B;) with p € A; and g € B; or vice versa.

Callahan and Kosaraju show that a WSPD with £ = O(r?n)
can be computed using O(nlogn + 72n) time and space.

3. A STRAIGHT-FORWARD APPROXIMA-
TION SCHEME

The approximation algorithm consists of two subalgorithms:
the first algorithm computes a minimum-diameter monopo-
lar spanning tree and the second computes an approxima-
tion of the MDAST. When these two trees have been com-
puted we output the one with smaller diameter. According
to [4] there exists a MDST that is either a monopolar or
a dipolar tree. The minimum-diameter monopolar tree can
be computed in time O(nlogn), hence we will focus on the
problem of computing a MDAST. Let dmin be the diame-
ter of a MDAST and let 7,, denote a spanning tree with
dipole {p,q} whose diameter is minimum among all such
trees. For any dipolar spanning Tree 7 with dipole {u,v}
let 7(7) (r+(T)) be the length of the longest edge of T
incident to u (v) without taking into account the edge uw.
When it is clear which tree we refer to, we use r,, and 7.

OBSERVATION 1. Let (A1,Bi),...,(As, Be) be a well
separated pair decomposision (WSPD) of P with separa-
tion constant T, and let p and g be any two points in
P. Then there is a pair (Ai, B;) such that for every point
u € A; and every point v € B; the inequality diam Ty, <
(14 8/7) - diam Tpq holds.

PROOF. According to Definition 2 there is a pair (A;, B;)
in the WSPD such that p € A; and ¢ € B;. If u is any
point in A; and v is any point in B;, then let 7 be the
tree with poles u and v where u is connected to v, p and
each neighbor of p in Tpe except g is connected to u, and
q and each neighbor of ¢q in 7, except p is connected to v.
By Lemma 1(ii) |uv| < (1 + 4/7)|pg| and by Lemma 1(iii)
Ty < |up|+7p < 2|pg|/T +7p. Since diam T = 7y + |uv|+ 1y

we have
diam T < (r,, +2|pq|) (I pg| _|_4|qu) (rq +2|ﬂf—|)
8 :
< |1+ ; - diam 7;,q.
The lemma, follows since 7y, has minimum diameter among
all dipolar spanning trees with dipole {u,v}. O

A first algorithm is now obvious. For each pair (4;, B;) in
the WSPD of P pick any vertex p € A; and any vertex
g € Bi, and compute Tp. This is done by checking every
possible radius of a disk centered at p as in [4] in O(nlogn)
time. Setting 7 to 8/¢ yields:

LEMMA 2. A dipolar tree T with diam 7 < (1 +€) - dmin
can be computed in O(% + n?logn) time using o(E +
nlogn) space.
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4. A FAST APPROXIMATION SCHEME

Now we describe a faster algorithm and show its time com-
plexity; we will prove its correctness in Section 5.

THEOREM 1. A dipolar tree T with diam T < (1+¢)-dmin
can be computed in O(% +2 log n) time using O(% +nlogn)
space.

The idea of the algorithm is again to check a linear number
of pairs of points, using the WSPD, but to speed up the
computation of the disks around the two poles. Note that
we need to find a close approximation of the diameters of
the disks to be able to guarantee a (1 + ¢)-approximation of
the MDAST. Obviously we cannot afford to try all possible
disks for all possible pairs of poles. Instead of checking the
disks we will show in the analysis that it suffices to check a
constant number of partitions of the points among the poles.
The partition of points is done by cuts that are orthogonal
to the line through the poles. We cannot afford to do this for
each possible pair. Instead we select a constant number of
orientations and use a constant number of orthogonal cuts
for each orientation. For each cut we calculate for each point
in P the approximate distance to the farthest point on each
side of the cut. Below we give a more detailed description
of the algorithm. For its pseudocode refer to Algorithm 1.

Phase 1: Initializing. Choose an auxiliary positive con-
stant k < min{0.9¢, 1/2}. As will be clear later, this param-
eter can be used to fine-tune which part of the algorithm
contributes how much to the uncertainty and to the run-
ning time. In phase 3 the choice of the separation constant
7 will depend on the value of k and e.

DEFINITION 3. A set of points P is said to be l-ordered if
the points are ordered with respect to their orthogonal pro-
jection onto the line l.

Let [; be the line with a.ngle to the horizontal line, where
v = [4/k]. This implies that for an arbitrary line ! there
exists a line I; such that £l;! < 5. For each 4,1 <1 <,
sort the input points with respect to the l;-ordering. We
obtain 7 sorted lists F = {F1,..., F,}. Each point p.in F;
has a pointer to itself in F(; mod y)+1- The time to construct
these lists is O(ynlogn).

For each [;, rotate P and [; such that I; is horizontal and
consider the orthogonal projection of the points in P onto /;.
For simplicity we denote the points in P from left to right
on l; by p1,...,pn. Let d; denote the horizontal distance
between p1 and pn. Let bij, 1 < j <4, be the point on [; at
distance :rLL to the right of p1. Let L;; and R;; be the set
of points to the left and to the right of b;; respectively.

For each point b;; on I; we construct -y pairs of lists, denoted
Li;, and Rjj;, where 1 < k < 7. A list Lj;;, (Rj;;) contains
the set of points in L;; (Rij;) sorted according to the l-
ordering. Such a list can be constructed in linear time since
the ordering is given by the list F. (Actually it is not
necessary to store the lists le'jk and R,’;jk: we only need
to store the first and the last point in each list.) Hence
the total time complexity needed to construct the lists is

sl e
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Algorithm 1 Approx-MDAST(P, ¢) O.('y3n+7n logn), see lines 1-18 in Algorithm 1. Thege lists
 dam T < (1 . will help us to compute an approximate farthest neighbor
Ensure: diam 7 < (1 +¢) dmin in L;; and R;; for each point p € P in time O(y), as will be
Bhass L laitisizing described below.
1: choose x € (0, min{0.9¢,1/2})

27 L [4/k] Phase 2: Computing approximate farthest neigh-
8z Jor 441 fo 7de b C te, for each point p, an approximate farthest
4: l; + line with angle Z to the horizontal ors. Lompute, Ior each pout p, PPrOXT ST
* . 7 neighbor in L;; and an approximate farthest neighbor in R;;,
5: Fi ¢ li-ordering of P denoted N(p, 1, j, L) and N(p, 1, j, R) respectively. This can
6: end.for be done in time O(vy) by using the lists L};, and R} just
7: for i « toy do te the distance between p and the ]ﬁrst res «Jactivel
8 rotate P and l; such that [; is horizontal :ﬁm{)u 6wl . p I P v
ek be the points in F; from left to right he ast pO}nt in each list. There are Y. sts for. each pair

9 P1y---1Pn p i & (i,7) and given that at most two entries in each list have to
10:  di +|p1.¢ ~Pn.7] be checked, an approximate farthest neighbor can be com-
11 foz jltoy d‘; i h ht of puted in time O(vy). Hence the total time complexity of this
ig fgr: (_’lmln:om’ly djt gt J F 6 Biemgt o b phase is O(y3n), as there are O(~%n) triples of type (®:, 5)-
14: L},, + lg-ordered subset of F to the left of b;; gl::inzlni?r we sudke by usding spprosimete fnptheshucigibon
15: R;ji, + lg-ordered subset of Fj, to the right of b;; ’

16: end for

17:  end for OBSERVATION 2. If p is any point in P, pr the point in
18: end for ) ) . L;; farthest from p and pr the point in R;; farthest from p,

Phase 2: computing approximate farthest neighbors then (a) |ppz| < (1+ K/24) - |pN(p,i, 5, L)|

19: for i <1 to y do and (b) |ppr| < (1+k/24) - [pN(p,i,j, R)|.

20: for j+ 1toydo

21: for k + 1 tondo :

22: N(pk, 1,7, L) + pr, (dummy) PrOOF. Due to symmetry it suffices to check (a). If the

23: for I+ 1toy do algorithm did not select pr as farthest neighbor it holds

24: Pmin ¢ first point in L,], that for each of the l;-orderings there is a point further from

25: Pmax + last point in L,Jl p than pr. Hence pr must lie within a symmetric 2y-gon

26: if |pkPmin| > |PkPmax| then whose edges are at distance |pN(p,s,j, L)| from p. This

27: f 4 Pmin s implies that [pN(p, 3, J, L)| 2 |ppr|cos(n/(27)) 2 |ppz|/(1+

28: else K/24), using some basic calculus and k < 1/2. O

29: f < Pmax

30: end if :

31: if |pef] > |pxN(pk, i, §, L)| then Phase 3: Testing pole candidates. Compute the WSPD

39: N(pk,i, 5, L) — f for P with separation constant 7. To be able to guarantee a

33: end if (1 + )-approximation algorithm the value of 7 will depend

34: end for on ¢ and k as follows:

35: end for : 14e€

36: repeat lines 21-35 with R instead of L ik (1 Te— (A +r1+nr/24) )

37:  end for
38: end for
Phase 3: testing pole ca.ndldates

Note that the above formula implies that there is a trade-off
between the values 7 and k, which can be used to fine-tune
which part of the algorithm contributes how much to the
uncertainty and to the running time. Setting for instance
K to 0.9¢ yields for ¢ small 16/ + 15 < 7/8 < 32/¢ + 31,
i.e. 7 = ©(%). For each pair (4, B) in the decomposition we
select two arbitrary points v € A and v € B. Let [, ) be
the line through » and v. Find the line /; that minimizes
the angle between I; and [(, ). That is, the line /; is a close
approximation of the direction of the line through » and v.
47:  for j « 1 to v do From above we have that [; is diviqed into- 7 + 1 intervals
48: D ¢ min{D, of length - +1 For each value of .],‘1 <7< 'y., <':ompute
|N(u,i,7, L)u| + |uv| 4+ [vN(v,4, , R)], min(|V(u, 4, 5, L)u| + [wv| + [vN (v, 4, 5, R)|, [N (u, 1, j, R)ul +
IN(u, 4,7, Ryu| + |uwv| + [vN (v, 4,5, L)|} |uv| + |vN(:u,z,_7, L)|). The small.est of these. O(vy) values is

saved, and is a close approximation of the diameter of 7.y,
which will be shown below.

39: 7 = 8(rrre=rrrmareren — V)

40: build WSPD for P with separation constant 7

41: d + o0 {sma.llest diameter so far}

42: for each pair (A, B) in WSPD do

43:  choose any two points u € A and v € B

44: D <+ oo {approx. diam. of tree with poles u and v}
45:  l(y,y) < the line through v and v

46:  find I; such that Zl;l(y,v) is minimized

49:  end for

50: if D < d then

51: v +—uvand v <
-52: d« D

53: end if

54: end for

55: compute T <« Tyiy

56: return 7

The number of pairs in the WSPD is O(7%n), which implies
that the total running time of the central loop of this phase
(lines 42-54 in Algorithm 1) is O(y - 72n). Building the
WSPD and computing T, takes an extra O(T2n+nlogn)
time. Thus the whole algorithm runs in O(y*n + yr2n +
ynlog n) time and uses O(nlog n+vy>n+7%n) space. Setting
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Figure 1: A valid cut.

& = 0.9¢ yields ¥ = O(%) and 7 = O(%) and thus the time
and space complexities we claimed. It remains to prove that
the diameter of the dipolar tree that we compute is indeed
at most (1 +€) * dmin-

5. THE PROOF OF CORRECTNESS

From Observation 1 we know that we will test a pair of
poles u and v for which diam Ty < (1 + 8/7) dmin =
Tﬁ-ﬁ% dmin. The equality actually explains our choice
of . In this section we will prove that our algorithm al-
ways computes a dipolar tree whose diameter isat most
(1 +&)(1 + x/24) diam Ty, and thus at most (1 + €) dmin.

Consider the tree Ty». For simplicity we rotate P such that
the line ! through u and v is horizontal and u lies to the
left of v, as illustrated in Figure la. Let 6 = |uv|. Our aim
is to prove that there exists an orthogonal cut that splits
the point set P into two sets such that the tree obtained
by connecting u to all points to the left of the cut and con-
necting v to all points to the right of the cut will give a
tree whose diameter is a (1 + &)-approximation of diam Tuv.
Since the error introduced by approximating the farthest
neighbor distances is not more than a factor of (1 4 x/24)
according to Observation 2, this will prove the claim in the
previous paragraph.

Denote by C, and C. the circles with center at u and
with radius 7, and 7, = 7, + Kz respectively, where z =
diam 7y = 6 +7y +7y. Denote by C, the circle with center
at v and with radius r,. Let s and s’ (¢ and t') be two points
on C, (Cy) such that if Cy, (Cx) and C, intersect then s and
s' (t and t') are the two intersection points, where s (t) lies
above s’ (). Otherwise, if Cy (Cx) and Cy do not intersect,
then s = s’ (¢t = t') is the intersection of the line segment
(u,v) and C, (Cyx), see Figure 1la.

We say that a cut with a line I, is valid iff all points in P
to the left of I, are contained in C\ and all points of P to
the right of I, are contained in Cy,. A valid cut guarantees
a dipolar tree whose diameter is at most § + 7 + 7y =
(1+ &) - diam Tyo.

We will prove that the algorithm above always considers a
valid cut. For simplicity we assume that r, > 7. We will

show that there always exists a point b;; on /; such that
cutting I; orthogonally through b;; is valid. Actually it is
enough to show that the two requirements below are valid
for any Tu». For a point p, denote the z-coordinate and the
y-coordinate of p by p.z and p.y, respectively. For simplicity
we set u = (0,0).

0 Eyo—

¥+1 cos 2y

o5 ™ t.x —s.x

g teo 2y e 2(ry +10)
The reason for this will now be explained. First we need to
define some additional points. The reader is encouraged to
study Figure 1 for a visual description. Let 5 = (s.z,74),
3 = (s'.z,~-ru), t = (t.z,7) and T = (t'.z,—7,). Let a
be the perpendicular bisector of the projections of s and ¢
on the r-axis and let 7 be the orthogonal projection of the
plane on a. Now we can define ¢; to be the intersection
point of the lines (3,7(¥)) and (3',7(f)), and c, to be the
intersection point of the lines (%, 7(5')) and (¥, 7(3)).

< l(t.z —s.z), and

It now follows that any bisector I’ that intersects the three
line segments (3,%), (ci,¢,) and (7,F), will be a valid cut.
This follows since all points to the left of ' will be connected
to u and all points to the right of I’ will be connected to v,
and the diameter of that tree will, obviously, be bounded
by 6 + (Tu + K2) + ru which is a (1 + x)-approximation of
diam 7.

From the algorithm we know that (a) there is a line I; such
that Z(li,l(u,0)) < ©/(27), and that (b) there are v orthogo-
nal cuts of [; that define equally many partitions of P. The
distance between two adjacent orthogonal cuts of I; is at
most z/(y + 1). This implies that the length of the largest
interval on I(, ) that is not intersected by any of these or-
thogonal cuts is at most

1 z
cos 3= y+1

Hence requirement (i) ensures that for every 7w the distance
|cicr| = (t.z— s.z)/2 must be large enough to guarantee that
there is an orthogonal cut of I; that intersects it.

An orthogonal cut of /; has an angle of at least /2 —m/(27)
0 l(4,»). To ensure that an orthogonal cut of /; that inter-
sects the line segment ¢, also passes between § and f and
between 5 and ¢ it suffices to add requirement (ii).

It remains to prove the following lemma which implies that
for every 7., there is a valid orthogonal cut.

LEmMMA 3. For any u,v € P (u # v) the tree Tuy fulfills
the requirements (i) and (ii).

PRrROOF. The tree Ty, can be characterized by the rela-
tionship of the two ratios

_14+k/2

T 1-k/2

We distinguish three cases: (1) @< 1, (2) 1< a < E, and
(3) a > E. For each of these three cases we will show that
Tuv fulfills the two requirements.

Q= g and E
Tu + Ty

s

rwﬁrw BT



Case 1: Using the following two straight-forward equalities,
g.z2 + sy’ =72 and (6 — s.z)? + s.y> = rZ, we obtain that
sz = (02 +r2 —r2)/(26). A similar calculation for t.z
yields t.z = (6% +r% —r3)/(26). Inserting these values gives
tx—s.x = (k22% 4 2k2ry) /(26). The fact that @ < E allows
us to further simplify the expression for ¢t.z—s.z by using
the following two expressions:
z=6+ru+r,, ru+r,,> 2 d

i R I pray L

Tu 1—k/2
32 201 +5/2)

From this we obtain that

tz—s:c—nz E+2T—" >nz
’ T2\ 6 ] 2

This fulfills requirement (i) since

z 1
v+1 cos%

Kz 1
< — < —(t.x — s.z).
£5 ___2(tx s.x) (1)

For requirement (ii) note that tan=/(2v) < 2stanm/16 <
2k/5. Since k < 1/2 we get that 2/6 > 2/(1 + x/2) > 8/5.
Combining this inequality, Equality 1, and our assumption
that r, > 7, shows that requirement (ii) is also fulfilled:

tx—sx _ Kz [2ry + kK2 Kz _ 2
et N g LNl
2(ru+rv)—45(ru+ru)_4¢5— 5

Case 2: In this case we argue in the same manner as in
the previous case. Using the fact that s.z =™ and t.z =
(6% + 72 — r2)/(26) yields

Kz [(Kz 27y Kz
rT—8Srx> — | — —_— —_—
t.x —s.x 3 (6+ 6)> 3

The rest of the proof is exactly as-in case 1.

Case 3: The first requirement is already shown to be ful-
filled since t.z — s.x > § — T4 — Ty > K2/2, hence it remains
to show requirement (ii). We have

t.x — 5. §— (ru +7v)
2(ry +7v) = 2(ru+ 1)

plugging in the values gives x/(2—k), which is at least 2x/5.
The lemma follows. [

The lemma says that for every dipole {u,v} there exists a
line a such that the dipolar tree obtained by connecting all
the points on one side of a to u and all the points on the
opposite side to v, is a (1 + x)-approximation of Tyv.

Conclusions

While it seems to be hard to reduce the running time for
computing an exact MDST to o(n®), we have given a fast
PTAS for approximating the MDST. It computes in O(nlogn)
time and space a tree whose diameter is at most (1+¢) times
that of a MDST. The runtime dependency on € is moderate.
The PTAS also works for higher dimensional point sets, but
the running time increases exponentially with the dimen-
sion. A simiar scheme yields an O(nlogn)-time PTAS for
the discrete two-center problem.
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The main novelty of our scheme is a discretization of the
orientations of line segments to a constant number of ori-
entations. We only consider projections of the input points
onto those directions, which gives us fast access to farthest
neighbors.
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ABSTRACT

In drawing a graph inside a polygon beside reduction of
edge crossing, the avoidance of intersection of edges with
sides of the polygon is of primary concern. In this paper
we introduce a new algorithm for drawing free trees inside a
rectilinear polygon by using properties of polygons to guide
Simulated Annealing (SA) method.
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Graph Drawing, Simulated Annealing, Polygon Skeleton re-
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1. INTRODUCTION

Trees are known structures that have many applications.
Hence drawing trees ”nicely” has been investigated by many
researchers. There are some aesthetics for nice drawing of
graphs (trees) that are mentioned in the literature. Some
of the most important aesthetics are: minimizing number

of edge crossing, minimizing number of bends per edge, in-

creasing symmetry of drawing, maximizing amount of angles
between two edges, and distributing vertices all over the re-
gion [8 and 17].

Most of graph drawing algorithms do drawing inside a rect-
angle. But in some texts it may have special effects to draw
graphs inside general polygons in the middle of the text. In
this paper we consider drawing of free trees inside a recti-
linear polygon by means of straight skeleton of the polygon
and simulated annealing (SA) method. We assume that the
reader is familiar with SA method.

The Eighteenth European Workshop
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(EWCG 2002)
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Drawing of large graphs by algorithms that use clustering
usually has much fewer edge crossings and are nicer than
drawing results of ones that do not use it [4, 6, 7, 14, 18, 19
and 20]. The algorithms that use clustering divide vertices
of graphs into some groups based on some parameters, and
draw vertices of the same groups near each other [11, 12 and
13]. Our algorithm uses clustering and spreads vertices of
trees all over the inner region of the given polygon by using
straight skeleton of the polygon [1, 2, 3, 15, and 16]. We
may have some bends in edges of the tree in our drawing.

“«Jn section 2, straight skeletons are briefly described. In sec-
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tion 3, our algorithm is introduced. In section 4, some draw-
ing results of our algorithm are illustrated and compared to
drawing results of [10], which uses SA method. In section 5,
conclusion is stated.

2. STRAIGHT SKELETONS

There are two types of skeleton for simple polygons, medial
axis, and straight skeleton. Medial axis of a given simple
polygon, P, consists of all interior points whose closest point
on the boundary of P is not unique [9]. While medial axis
is a voronoi-diagram-like concept, straight skeleton is not
defined using a distance function but rather by an appro-
priate shrinking process. Straight skeleton is defined as the
union of the pieces of angular bisectors traced out by poly-
gon vertices during the shrinking process. [1, 2, 3, 15, and
16].

Straight skeleton, in general, differs from medial axis, if P
is convex then both structures are identical. Otherwise, the
medial axis contains parabolically curved segments around
reflex vertices of P, which are avoided by the straight skele-
ton. In this paper, we consider drawing trees inside recti-
linear polygons, and to avoid parabolically curved segments
we use straight skeleton as the skeleton of polygons. In the
following, by polygon skeleton we mean straight skeleton
of the polygon. The skeleton of a given polygon, P, parti-
tions the interior of P into n connected areas which we call
them faces. Each face is related to just one edge of P. Bi-
sector pieces are called arcs, and their endpoints which are
not vertices of P are called nodes of the skeleton. When
P is simple, the structure is tree and arcs are straight line




segments. Figure 1 shows skeleton of a rectangle.

Facel

Face2

Facel

Face3

Figure 1. Straight skeleton of a rectangle

3. THE ALGORITHM

In this section, after giving some definitions we introduce
our algorithm (From now on, for simplicity, we use trees for
free trees, and polygon for rectilinear polygon).

Definition 1. Let FaceSet(j) be set of all faces that include
node j of the given skeleton.

Definition 2. Let CloserSet(j, k) be set of all nodes of the
given tree whose paths to node j is shorter than to node k.

Here, we describe our algorithm briefly. The main layout of
the algorithm is as follows:

Free Trees Drawing Algorithm

. Compute the polygon skeleton and area of the faces.

. Compute weight of the nodes of the skeleton.

Compute weights of the edges of the skeleton.

. Compute weights of the edges of the tree.

Do the mapping of the tree onto the skeleton.

f. Remowve the crossings between edges of the tree and the
border of the polygon.

g. Draw the tree using SA method.

P RO TP

In the following we describe steps of the algorithm.

a. Computing the polygon skeleton and area of the
faces. We obtain straight skeleton of the given polygon by
using [9]. Since all faces are simple polygons we can use the
following formula to compute the area of the faces [5].

n—1

Z (X:Yig1 — XinnY5)

1=3D0

1
2

Here (X, Y;) are the coordinates of vertex j (j = 3D0..N —
1) of the given face; X, = 3DX, and Y, = 3DY,. To use
the above formula, vertices of the faces should be ordered
clockwise or counter clockwi/se.

b. Computing weights of the nodes of the skeleton.
For each node j of the skeleton, we compute the following
sum as the weight of node j:
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Weight(j) = 3D

2

feFaceSet(j)

Area(f)

In fact, this weight approximately represents the amount of
area which includes the node.

c. Computing weights of the edges of the skeleton.
For each edge (j, k) of the skeleton, we assign two weights,
where each weight is assocaited to one of its endpoints.

Wik = 3D

>

meCloserSet(j,k)

2

meCloserSet(k,j)

Weight(m)

Wi = 3D Weight(m)

Weight(j,k) = 3D(Wjk, Wi;)

The weight of associated to an endpoint approximately rep-
resents the amount of area of the polygon which is closer to
this endpoint than the other one. -

d. Computing weights of the edges of the tree. For
each edge (j, k) of the tree, we associate a weight computed
as follows:

Weight(j, k) = 3D(|CloserSet(j, k)|, |CloserSet(k, 7)|)

e. Mapping the tree onto the skeleton. We consider
the weighted skeleton (the weighted tree), and find an edge
of the skeleton (the tree0 such that the difference of the
weights of its endpoints is minimum (i.e. we find the middle
edge). We map the middle edge of the skeleton to the middle
edge of the tree. Then we omit these two middle edges
from the skeleton and the tree, this divides the tree and
the skeleton respectively into two sub-trees and two sub-
skeletons. Then we update the weights of the edges of the
two sub-skeletons and the two sub-trees. To do this, we
decrease one of the weights of the edges of each sub-skeleton
(sub-tree) by the total weight of the other sub-skeleton (sub-
tree). In order to determine that which weight of an edge
needs to be decreased, we consider each sub-skeleton (sub-
tree) as a directed tree whose root is the endpoint of the

.omitted middle edge that is connected to this sub- skeleton

(sub-tree). (Considering the direction of each edge from the
father to the child). The weight associated to the beginning
point of each edge should be decreased. After updating the
weights of the sub- skeletons (sub-trees), we do the mapping
procedure recursively on the sub-skeletons and the sub-trees.
The termination condition is satisfied when the number of
the nodes of the sub-trees or the number of the edges of the
sub-skeletons becomes less than one.

A skeleton or a tree may have more than one middle edge; it
is easy to see that in this case these edges share an endpoint.
‘We call this endpoint, the middle node. In this case, we omit
from the tree the middle node and its incident edges, so the



tree is divided into two or more sub-trees. To update the
weights associated to the edges of each sub-tree, we should
decrease one of the weights of each sub-tree edge by the
sum of number of nodes of all the other sub-trees plus one.
But, we omit from the skeleton just the middle node, so the
skeleton is divided into two or more sub-skeletons. Then we
update the weights of the edges of each sub-skeleton. To
do this, we should decrease one of the two weights of the
sub-skeleton edges, by sum of the weights of the edges of
the other sub-skeletons, which were incident to the deleted
node.

In order to determine that the weight of which endpoint
of each edge should be decreased, we consider each sub-
skeleton (sub-tree) as a directed tree whose root is the mid-
dle node. (Considering the direction of each edge from the
father to the child). The weight of the beginning point of
each edge should be decreased. In each case, we divide
the sub-skeletons and sub-trees into some possibly balanced
groups, and for each group of the sub-skeletons, and its re-
lated group of the sub-trees, we call the mapping procedure
recursively. Therefore, we do the mapping by using one of
the following ways:

1. The middle node of the tree is mapped onto the middle
node of the skeleton.

2. The middle node of the tree is mapped onto the middle
edge of the skeleton.

3. The middle edge of the tree is mapped onto the middle
edge of the skeleton.

4. The middle edge of the tree is mapped onto the middle
node of the skeleton.

In case 1, the node of the tree <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>